The 61st William Lowell Putham M athematical Competition
Saturday, December 2, 2000

A-1 Let A be a positive real number. What are the possible B-2 Prove that the expression

o0 2

values of) .~ x5, given thatzo, 21, ..

numbers for whicty~72 ) z; = A?

. are positive

A-2 Prove that there exist infinitely many integetssuch

thatn,n + 1,n + 2 are each the sum of the squares of

two integers. [Exampled = 0% + 0%, 1 = 0% + 12,
2 =12 412]

A-3 The octagonP, P, Ps Py P5; Ps P; Py is inscribed in a cir-

cle, with the vertices around the circumference in the

given order. Given that the polygaoR, PsPsP; is a
square of area 5, and the polyg&nP, P; P is a rect-

angle of area 4, find the maximum possible area of the

octagon.

A-4 Show that the improper integral

B
lim sin(z) sin(2?) dz
B—oo 0

converges.

A-5 Three distinct points with integer coordinates lie ie th
plane on a circle of radiug > 0. Show that two of
these points are separated by a distance of at#é&st

A-6 Let f(x) be a polynomial with integer coefficients. De-
fine a sequencey, a1, . . . of integers such thaty, = 0
anda, 11 = f(a,) foralln > 0. Prove that if there ex-
ists a positive integem for which a,,, = 0 then either
ar =00ras =0.

B-1 Leta;, b;, c; be integers fol < j < N. Assume for
eachy, at least one od;, b;, ¢; is odd. Show that there
exist integers, s, t such thatra; + sb; + tc; is odd for
atleasdN/7 values ofj, 1 < j < N.

gcd(z% n) (:1)

is an integer for all pairs of integers> m > 1.

B-3 Let f(t) = Z?f:l a; sin(27jt), where eachy; is real
anday is not equal to 0. LeiV,, denote the number of

zeroes (including multiplicities) o%. Prove that

Nog <N <Ny <+ andkhm N = 2N.

[Editorial clarification: only zeroes if0, 1) should be
counted.]

B-4 Let f(z) be a continuous function such thAt2z? —
1) = 2z f(z) for all z. Show thatf(xz) = 0 for —1 <
r <1.

B-5 Let Sy be a finite set of positive integers. We define
finite setsSy, S, . .. of positive integers as follows: the
integera is in S, 41 if and only if exactly one ofi— 1 or
aisinS,. Show that there exist infinitely many integers
N forwhichSy = S U{N +a:a € Sp}.

B-6 Let B be a set of more tha@”*!/n distinct points
with coordinates of the forni+1,+1,...,£1) in n-
dimensional space with > 3. Show that there are
three distinct points iB which are the vertices of an
equilateral triangle.



