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1. Introduction

In [2], Kau�man introduced the polynomial that has since come to bear his name.
In that paper it is noted that the Kau�man polynomial is very g ood at detecting
chirality, in particular, it is better in this respect than t he HOMFLY polynomial in
many cases. In this paper we exhibit an in�nite family of knots that lend support
to Kau�man's statement. Namely, we show that each member of the family f Pk g
of (2; 1 � 2k; 1 + 2k) pretzel knots (k � 2) is detected chiral by the Kau�man
polynomial but not by the HOMFLY polynomial. Whether there e xists any knot
detected chiral by HOMFLY but not by Kau�man is still open.

2. Computation of the Polynomials

2.1. HOMFLY polynomial

We use the construction of the HOMFLY polynomial de�ned by th e axioms

h
i = 1

hK + i � h K � i = z hK 0i

h i = a h i

h i = a� 1 h i ;

wherehK i is a regular isotopy invariant. The HOMFLY polynomial is the n de�ned
by G(K ) = a� w (K ) hK i , where w(K ) is the writhe of K . See [1] or [2] for details
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of this construction. Notice that w(Pk ) = 0 for all k � 2, so G(Pk ) = hPk i . For
a knot K , G(K ) 2 Z

�
a� 2; z

�
, and if K � is the mirror image of K then G(K � )

is obtained from G(K ) by replacing a with � a� 1. For convenience of notation we
de�ne GK (a; z) = G(K ) and let � = a� a � 1

z so that h
 K i = � hK i . (Notice � is
unchanged by replacinga with � a� 1.)

In all of the equations below, the box represents the number of positive (right-
handed) half twists of the strands.

We begin by calculating hPk i recursively:

*

1{2k 1+2k

+

=

*

1{2k 1+2k

+

� z

*

1{2k 1+2k

+

=

*

1{2k 1+2k

+

� a� 1�z � z2:

Now, for m � 2,

*

n{ m

+

=

*

n{( m{2)

+

� z

*

n{( m{1)

+

,

When m = 0 we have

*

n

+

= �

*

n

+

,

and when m = 1,

*

n

+

= a� 1

*

n

+

.

To complete the recursion, we calculate

*

n

+

=

*

n{2

+

+ z

*

n{1

+

for n � 2.
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When n = 0 and n = 1 the bracket yields � and a respectively. So by induction, we
have

*

1+2k

+

= a
kX

i =0

� k+ i
2i

�
z2i + �

k � 1X

i =0

� k+ i
2i +1

�
z2i +1 , and

*

1{2k 1+2k

+

=

"

a� 1
k � 1X

i =0

� k+ i � 1
2i

�
z2i � �

k � 2X

i =0

� k+ i � 1
2i +1

�
z2i +1

# *

1+2k

+

.

Thus

*

1{2k 1+2k

+

=

"

a� 1
k � 1X

i =0

� k+ i � 1
2i

�
z2i � �

k � 2X

i =0

� k+ i � 1
2i +1

�
z2i +1

# "

a
kX

i =0

� k+ i
2i

�
z2i + �

k � 1X

i =0

� k+ i
2i +1

�
z2i +1

#

:

(It follows that GPk (a; z) always has the formc2;k a2 + c0;k + c� 2;k a� 2, where each
ci;k is a function in z.) We now show that GPk (a; z) = GPk (� a� 1; z).

Since� is unchanged by the substitution of � a� 1 for a, we write

*

1{2k 1+2k

+

= f (�; z ) + g(a; �; z )

where

g(a; �; z ) = a� 1�

"
k � 1X

i =0

� k+ i � 1
2i

�
z2i

# "
k � 1X

i =0

� k+ i
2i +1

�
z2i +1

#

� a�

"
kX

i =0

� k+ i
2i

�
z2i

# "
k � 2X

i =0

� k+ i � 1
2i +1

�
z2i +1

#

.

It follows that the coe�cients of a� 1�z 2s+1 and � a�z 2s+1 (in terms of k) are
sX

i =0

� k+ i � 1
2i

�� k � i +2
2s+1 � 2i

�
(2.1)
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and

sX

i =0

� k+ i
2i

�� k � i +1
2s+1 � 2i

�
(2.2)

respectively. When s = 1 these are easily seen to be equal, and by induction we
have that 2.1 and 2.2 are equal fors � 1. Plugging in s = 0, however, we �nd that
k and k � 1 are the coe�cients of a� 1�z and � a�z respectively. Thus

GPk (a; z) = f (�; z ) + g(a; �; z ) � a� 1�z � z2

= f (�; z ) + g(� a� 1; �; z ) + a� 1�z + a�z � a� 1�z � z2

= GPk (� a� 1; z):

Hence the HOMFLY polynomial does not detect that Pk is chiral.

2.2. Kau�man Polynomial

Recall now that the Kau�man polynomial ([2]) is de�ned in ter ms of the regular
isotopy invariant [ K ] satisfying the axioms

h i
+

h i
= z

�h i
+

h i�

[ ] = a [ ]

[ ] = a� 1 [ ]

[
 ] = 1 :

The Kau�man polynomial is then de�ned by F (K ) = FK (a; z) = a� w (K ) [K ]. For
a knot K , F (K ) 2 Z

�
a� 1; z

�
, and FK (a; z) = FK � (a� 1; z). Again, eachPk has zero

writhe, so F (Pk ) = [ Pk ]. It is convenient to let d = a+ a � 1

z � 1 so that [
 K ] = d [K ].
Here we do not endeavour to �nd an explicit expression forFPk (a; z). Instead,

we calculate the term of FPk (a; z) with the highest power of z. This turns out to
have the form cz4k wherec is a function for which c(a) 6= c(a� 1), verifying that the
Kau�man polynomial does detect chirality for this family.
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Again we proceed recursively. We have,

2

6
6
4 n{ m

3

7
7
5 = �

2

6
6
4 n{ m

3

7
7
5 + z

2

6
6
4 n{ m

3

7
7
5

+ z

2

6
6
4 n{ m

3

7
7
5

= �

2

6
6
4 n{ m

3

7
7
5 + z

2

6
6
4 n{ m

3

7
7
5

� a� 1zd + a� 2z2 + z2.

Now,

2

6
6
4 n{ m

3

7
7
5 = �

2

6
6
4 n{( m{2)

3

7
7
5 + z

2

6
6
4 n{( m{1)

3

7
7
5

+ zam � 1

2

6
6
4 n

3

7
7
5 ,

2

6
6
4 n

3

7
7
5 = d

2

6
6
4 n

3

7
7
5 and

2

6
6
4 n

3

7
7
5 = a� 1

2

6
6
4 n

3

7
7
5 .
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Similarly,

2

6
6
4 n{ m

3

7
7
5 = �

2

6
6
4 n{( m{2)

3

7
7
5 + z

2

6
6
4 n{( m{1)

3

7
7
5

+ am � 1z

2

6
6
4 n+1

3

7
7
5 ,

2

6
6
4 n

3

7
7
5 = a

2

6
6
4 n

3

7
7
5 ,

2

6
6
4 n

3

7
7
5 = a� n .

So to complete the recursion we compute

2

6
6
4 n

3

7
7
5 = �

2

6
6
4 n{2

3

7
7
5 + z

2

6
6
4 n{1

3

7
7
5 + a1� n z,

2

6
6
4

3

7
7
5 = d,

2

6
6
4

3

7
7
5 = a.

Observe that for n � 2, the term of

"

n

#

with the highest power of z is

(a+ a� 1)zn � 1. Thus for m; n � 2, the term of

"

n{ m

#

with the highest power

of z is (a2 +2+ a� 2)zm + n � 2, and the term of

"

n{ m

#

with the highest power

of z is (a2 + 1) zn + m � 1. Hence for all k, the term of [Pk ] with the highest power of
z is (a2 + 1) z4k , which implies that FPk (a; z) 6= FPk (a� 1; z).



August 13, 2007 17:18 WSPC/INSTRUCTION FILE jktrchirality

Chirality vs. Polynomials 7

References

[1] Kau�man, L. H. On Knots , Ann. of Math. Studies, 115, Princeton Univ. Press, 1987.
[2] Kau�man, L. H. An Invariant of Regular Isotopy , Trans. Amer. Math. Soc. 318, 417-

471, 1990.
[3] Kawauchi, A. A Survey of Knot Theory , Birkh•auser Verlag, 1996.
[4] Ohtsuki, T., Ed. Problems on Invariants of Knots and 3-Manifolds , Geometry & Topol-

ogy Monographs, 4, 377-572, 2002.


