Integrable systems, harmonic maps and the classical theory of surfaces

M. Melko and I. Sterling

1 Harmonic Maps and Surface Theory

Many geometers in the 19th and early 20th century studied surfaces in R^3 with particular conditions on the curvature. Examples include minimal surfaces, surfaces of constant mean curvature and surfaces of constant Gauss curvature. The typical observation was that one could introduce a special coordinate chart (i.e. curvature lines or asymptotic lines) in order to reduce the compatability conditions of the given class of surfaces to some nonlinear P.D.E. In this way, the description of a given class of surfaces is reduced to the study of the solution space of the corresponding P.D.E. The following table illustrates this correspondence. Here, the compatability conditions are given in curvature line coordinates.

Geometry Soliton P.D.E. constant mean curvature H = 1/2 ω_{xx} + ω_{yy} = − sinh ω constant Gauss curvature K = 1 constant Gauss curvature K = −1 ω_{xx} − ω_{yy} = sin ω minimal surfaces H = 0 ω_{xx} + ω_{yy} = e^ω

Table 1

The classical geometers were able to give detailed descriptions of those solutions that satisfy additional conditions (e.g. solutions corresponding to surfaces of rotation), but there was no methodology at hand by which one could characterize the entire space, or at least a reasonably large subset thereof. A brief discussion of their results is relegated to the third section of this paper.

The intervening period of time has seen the development of the theory of integrable systems, or soliton theory. The idea of this theory is to find a bi-Hamiltonian system (of infinite dimension) that has the given P.D.E. (or set of P.D.E.’s) as a compatability condition. This system turns out to be completely integrable, moreover, one can apply the theory of algebraic curves to construct action-angle coordinates on the corresponding phase space.

This theory, which appears to be the correct approach to describing the space of solutions corresponding to a particular class of surfaces, is outlined in the following section.

Here, we shall concern ourselves with the problem of constructing the preliminary data that is needed for the development in Section 2. This is done via harmonic maps. A more detailed account for the case that ε is the Minkowski metric may be found in [21].

In what follows, we assume that R^2 has a metric, which we denote by ε, and we denote the corresponding Laplacian on (R^2 , ε) by Δ. We are mainly interested in the case that ε is either the standard Euclidean metric or the standard Minkowski metric. We denote the standard metric on S^2 by δ.

A map ψ : (R^2 , ε) → (S^2 , δ) is then defined to be harmonic if its tension field vanishes, that is

τ (ψ) := trace_ε(∇ dψ) = 0 ,

where ∇ denotes the connection on the vector bundle T^∗(R^2) ⊗ ψ^∗(TS^2) induced by the metric ε^∗ ⊗ δ.

The above equation arises as the Euler-Lagrange equation for the variational problem of the energy integral

E_U(ψ) := 1 2 ∫ U ‖ dψ ‖^2_{ε⊗δ} dx dy . Here, U denotes an open set in R^2 (with compact closure), and ‖ ‖_{ε⊗δ} denotes the norm on T^∗(R^2) ⊗ ψ^∗(TS^2) induced by ε^∗ ⊗ δ.

It should be pointed out that this variational problem is only formal in the case that ε is not positive definite. Also, the harmonicity of ψ is invariant under conformal transformations (because the domian is two-dimensional).

The following well-known fact is the key to our approach:

Proposition 1.1 A smooth map ψ : (R^2 , ε) → (S^2 , δ) is harmonic if and only if

Δψ = ρ ψ , ρ : R^2 → R . (1.1)

The idea of the proof is simply to consider ψ as a map into R^3, and then to compute the Euler-Lagrange equation with the constraint ‖ψ‖_δ = 1, see also [39].

It is natural to try to make use of the symmetric space structure of S^2 in order to put the harmonic map equation (1.1) in some tractable form. For that reason we introduce the following notation conventions: First, we consider G = S^3 as being the group of unit quaternions. We denote the quaternions by H and write {1, i, j, k} for the usual basis. Furthermore, we denote the Lie algebra of G by G := T_1S^3, which we identify with the set of imaginary quaternions. Given these identifications, we may write the symmetric splitting of G corresponding to S^2 by G = K ⊕ P, where K := R i, and P := R j ⊕ R k.

Since R^2 is contractible, the pullback ψ^∗(S^3) is necessarily a trivial circle bundle over R^2. This is equivalent to saying that a smooth map ψ : R^2 → S^2, always has a smooth lift Ψ : R^2 → S^3 such that the following diagram commutes:

R^2 - ψ S^2 .

?

π S^3

�

  �

   �`

Ψ

It follows that the maps ψ and Ψ are related by the identity

ψ = Ψ i Ψ^{−1} . (1.2)

We wish now to characterize equation (1.1) in terms of the derivative of the lift Ψ. Translating dΨ back to the identity from the left side gives us a G-valued connection 1-form A := Ψ^{−1}dΨ. The connection A may be decomposed into its K and P parts. Specifically,

A = A^′dx + A^{′′}dy , A^′ = A^′_0 + A^′_1 , A^{′′} = A^{′′}_0 + A^{′′}_1 , (1.3)

where, A^′ , A^{′′} are G-valued functions, A^′_0 , A^{′′}_0 are K-valued functions, and A^′_1 , A^{′′}_1 are P-valued functions on R^2.

The ∗-operator on the exterior algebra E^∗(R^2) induced by the metric ε extends linearly to an endomorphism of the graded Lie algebra of G-valued exterior forms E^∗(R^2 , G) ≃ E^∗(R^2) ⊗ G.

Definition 1.2 The connection A is admissible if it satisfies the pair of equations

dA + 1 2 [ A , A ] = 0 , d ∗ A_1 + [ A_0 , ∗A_1 ] = 0 , (1.4)

where A_1 := A^′_1dx + A^{′′}_1 dy and A_2 := A^′_2dx + A^{′′}_2 dy .

The first equation in (1.4) (the integrability or flatness condition) guarantees that the connection A integrates to a map Ψ. The second equation (the harmonicity condition) is equivalent to (1.1).

We denote the space of harmonic maps by L, and the space of admissible connections by C. Further, we define the gauge group to be C^∞(R^2 , S^1), where S^1 denotes the complex numbers of unit modulus. An element g in C^∞(R^2 , S^1) acts on a map Ψ, resp. a connection A by the rule

Ψ → Ψg^{−1} , A → −dg g^{−1} + g A g^{−1} .

Since a map ψ = ΨiΨ^{−1} is invariant under such gauge tranformations, one easily obtains the following:

Proposition 1.3 There is a one-to-one correspondence between the space of harmonic maps L and the moduli space M of equivalence classes of admissible connections under the action of the gauge group.

We have found an equivalent formulation of the harmonic map equation (1.1) in terms of the pair of equations (1.4). Now we combine the pair of equations (1.4) into the single equation (1.6) by extending the range of values of the connection A.

Let GC := G ⊗ C ≃ SL(C^2) denote the complexification of G, and set KC := K ⊗ C, PC := P ⊗ C. Then the corresponding bracket induces a complex Lie algebra structure on the ring extension G̃C := GC[λ, λ^{−1}], where λ takes values in C_∗ := C \ {0}. It is easily shown that the space

G̃C_σ = { ∑ a λ^aξ_a ∈ G̃C | ξ_a ∈ KC if a even, ξ_a ∈ PC if a odd }

induced by the symmetric splitting G = K ⊕ P is a Lie subalgebra of G̃C. Complex conjugation extends in the obvious way to GC, and therefore induces a conjugation operator on the algebras G̃C and G̃C_σ . We denote all of these conjugation operaors by (¯).

We now extend A to a family of connections A^λ with values in G̃C_σ by the rule

(A^λ)^′ := A^′_0 + λ A^′_1 , (A^λ)^{′′} := A^{′′}_0 + λ^{−1} A^{′′}_1 , λ ∈ C_∗ . (1.5)

For reasons to be explained later, λ will be referred to as the spectral parameter. The following fundamental observation was first due to Pohlmeyer [27]:

Proposition 1.4 A is an element of the space of admissible connections C if and only if its associated loop A^λ satisfies

dA^λ + 1 2 [ A^λ , A^λ ] = 0 , ∀ λ ∈ C_∗ . (1.6)

In order to recover the the geometry determined by the metric ε, we need to restrict ourselves to some real form of the complex Lie algebra G̃C_σ . These real forms can be obtained as the fixed point sets of appropriate involutions on G̃C_σ . If we denote the involution corresponding to the Euclidean metric by ι_E, and that corresponding to the Minkowski metric by ι_M, we have ι_E(ξ^λ) = ξ^{1/λ̄} , ι_M(ξ^λ) = ξ^{λ̄} .

Suppose that ξ^λ = ∑ a λ^aξ_a, with ξ_a ∈ KC if a is even, and ξ_a ∈ PC if a is odd.

Then ξ^λ is invariant under ι_E, resp. ι_M, if λ ∈ S^1 resp. λ ∈ R_∗, and, in both cases, ξ_a ∈ K if a is even, and ξ_a ∈ P if a is odd. In the first case, the real form of G̃C_σ is an example of a twisted loop algebra. In the second case, one obtains another example of a Euclidean Lie algebra. Both of these algebras can be equiped with ad-invariant inner products.

If the associated family of connections defined by (1.5) is restricted to lie in the appropriate real form of G̃C_σ , one easily obtains the following:

Corollary 1.5 To every harmonic map ψ : R^2 → S^2, there is a naturally associated one-parameter family of harmonic maps ψ^λ. When ε is the Euclidean metric on R^2, λ ∈ S^1, and when it is the Minkowski metric, λ ∈ R_∗.

Now we wish to consider the problem of realizing a given harmonic map as the Gauss map of some surface in Euclidean R^3.

With appropriate regularity conditions on the harmonic map ψ, one can put a corresponding admissible connection into a normal form. This process involves a conformal transformation of (R^2 , ε) and a gauge transformation. Each normal connection represents an equivalence class of harmonic maps under the action of the group of conformal diffeomorphisms of (R^2 , ε).

For the case that ε is the Minkowski metric, the appropriate regularity is that ψ is “weakly regular”, i. e. one assumes that the differential dψ never vanishes on the characteristic directions. This implies that the corresponding surface has a global parametrization in asymptotic coordinates. It then follows that A can be put in the form

A^′ = −i Ω_u − 1 2 e^{−i Ω} k e^{i Ω} , A^{′′} = i Ω_v + 1 2 e^{i Ω} k e^{−i Ω} ,

where Ω = ω/4, and u = x + y and v = x − y are asymptotic coordinates. The integrability condition in (1.4) is then easily computed to be the (real) sine-Gordon equation:

ω_{uv} = ω_{xx} − ω_{yy} = sin ω .

Similarly, if ε is the Euclidean metric, we assume that the eigenvalues of dψ |_{(x,y)}, considered as a linear map into T_{(x,y)}S^2 are never equal. Geometrically, this condition means that the corresponding surface has no umbilics, and hence global curvature line coordinates. The normal form for A is essentially the same, and the integrability condition becomes the elliptic sinh-Gordon equation:

ω_{xx} + ω_{yy} = sinh ω .

Note that the real sine-Gordon equation and the elliptic sinh-Gordon equation are both real forms of the complex sine-Gordon equation.

Proposition 1.6 Let ψ^λ be the family of harmonic maps associated to a harmonic map ψ, and let Ψ^λ be its lift to S^3. If ε is the Euclidean metric on R^2, then

φ^λ = d dτ |_{τ=t}Ψ^λ (Ψ^λ)^{−1} , λ = e^{i τ}

is a surface of constant Gauss curvature K = +1 in R^3 for every t.

Similarly, if ε is the Minkowski metric on R^2, then

φ^λ = d dτ |_{τ=t}Ψ^λ (Ψ^λ)^{−1} , λ = e^τ

is a surface of constant negative Gauss curvature K = −1 in R^3 for every t.

Furthermore, in both cases, if A = Ψ^{−1} dΨ is in normal form, then Ad_Ψ˘ is a canonical frame for each surface φ^λ.

The formulas for the parametrized surface φ^λ given above are originally due to Sym [33] (for K = −1) and Bobenko [5] (for K = +1 or H = 1/2). (Sym has derived similar expressions for a variety of other examples.) We remind the reader that proofs for the case that ε is the Minkowski metric can be found in [21].

As noted in Table 1 the soliton P.D.E. corresponding to surfaces of constant positive Gauss curvature K = +1 is also the elliptic sinh-Gordon equation. Geometrically, this equivalence follows from Bonnet’s Theorem that to every surface with K = +1 there is a parallel surface with H = 1/2. A surface with a linear relationship between the Gauss curvature K and the mean curvature H is called a linear Weingarten surface. Table 1 gives a complete list, up to homothety and parallelism, of the nontrivial linear Weingarten surfaces.

So far we have restricted ourselves to linear Weingarten surfaces in three-dimen-sional Euclidean space. In closing, we would like to mention a few other examples of interesting classes of surfaces that correspond to well-known soliton-P.D.E.’s. These are listed in Table 2, below.

A conformal harmonic immersion of R^2 into the Lorentzian 4-Sphere is a minimal immersion. By means of Lie’s sphere geometry one can construct a correspondence between such minimal immersions and Willmore surfaces in R^3. (For a survey of Willmore surfaces, see [26].) The corresponding compatabilty conditions for the surface can be expressed in terms of the Toda system given in Table 2. The Willmore torus (Figure 9) constructed by Ferus and Pedit [16] is one of the simplest nontrivial examples constructed via this method.

If one idealizes a smoke ring as a curve in R^3, then the surface swept out by its evolution over time (Figure 10) is another example of a class of surfaces arising from a soliton equation. In this case, the compatability condition is the nonlinear Schrödinger equation, and the corresponding surface is called a Hasimoto surface (see [17] and also [24]).

Bianchi also studied classes of surfaces whose compatability equations are of a more general character than the Weingarten surfaces discussed above. These results appear in the original version of his book, but not in the German translation. These “Bianchi surfaces” have also been studied by Antoni Sym et. al. These surfaces are discussed in more detail in [7].

Examples of such “soliton geometries” also arise in affine surface theory [34].

Geometry Soliton P.D.E.

Willmore surfaces ω_{xx} + ω_{yy} = 2 e^{−2ω} cos η − 2 e^ω η_{xx} + η_{yy} = 2 e^{−2ω} sin η Hasimoto surfaces ω_{xx} = −iω_t + ω|ω|^2 Bianchi surfaces see Bobenko’s contribution [7] affine spheres ω_{xy} = e^ω − e^{−2ω}

Table 2

2 Hamiltonian systems, Spectral Theory and Flat Connections.

The purpose of this section is to indicate the correspondence between the flat connectons discussed in the previous section and the theory of Hamiltonian systems.

Let’s begin with the assumption that G̃ is some Lie algebra, possibly of infinite dimension, equiped with an ad-invariant inner product ⟨ , ⟩. In the case when G̃ is finite dimensional, it possesses a canonical Poisson structure. If C^∞(G̃) is used to denote the space of smooth functions on G̃, and ∇ is used to denote the gradient on the Euclidean space (G̃ , ⟨ , ⟩), then this Poisson structure is the bilinear map { , } : C^∞(G̃) × C^∞(G̃) → C^∞(G̃) given by {f , g}(χ) := ⟨ χ , [∇f|_χ , ∇g|_χ] ⟩ , (2.1) where [ , ] denotes the bracket on G. It is known that this bracket is nondegenerate on the adjoint orbits of G̃ (the group corresponding to G̃) in G̃, making them into symplectic manifolds.

We now drop the assumption that G̃ is finite dimensional, and suppose that L ∈ End(G̃) is a linear operator which is self-adjoint with respect to ⟨ , ⟩. Suppose, further, that L has a finite-dimensional invariant subspace, which we denote by V, and that the restriction of ξ → ad^{G̃}_{L(ξ)}(ξ) to V defines a vector field on V. Here, ad^{G̃} is used to denote the adjoint representation of G̃. The pullback of the bracket (2.1) to the subspace V via the inclusion map immediately gives us a finite-dimensional Poisson manifold (V , { , }). If we further define the Hamiltonian h to be the quadratic function h(χ) = 1 2 ⟨ χ , L(χ) ⟩ , we have that (V , { , } , h) is a Hamiltoniansystem. Since L is self-adjoint, ∇ h|_χ = L(χ). Hence Hamilton’s equations take the form

χ̇ = −ad^{G̃}_{L(χ)}(χ) . (2.2)

Note that the conditions on L are equivalent to saying that both the gradient and skew-gradient of h are tangent to V. It is easily shown that the solution curves to (2.2) have the form

χ(t) = (Ψ(t))^{−1}ξΨ(t) , (2.3)

where Ψ : R → G̃ is a curve in the group G̃ of G̃ with Ψ(0) = 1, and χ(0) = ξ ∈ V (see [21]).

Note, in particular, that the form of (2.3) implies that the spectrum of ρ(χ) is independent of the time t, where ρ : G̃ → End(W) denotes a representation of G̃ on some finite-dimensional vector space W. Furthermore, if we complexify W to obtain WC = W ⊗ C, we may think of (2.3) as defining a deformation of the decomposition of ρ(ξ), considered as a linear map on WC, into eigenspaces.

At this point, we assume that the G̃ is some Euclidean algebra obtained as an extension of G, the Lie algebra of imaginary quaternions, e.g. either of the real forms of G̃C_σ described in Section 1. Then we have that (2.3) depends on the spectral parameter, i.e.

χ^λ(t) = (Ψ^λ(t))^{−1}ξ^λΨ^λ(t) . (2.4)

The evaluation map ξ^λ → ρ(ξ^{λ=λ0} ) gives us a representation of G̃ into End(WC). In analogy with the previous remark, equation (2.4) implies that the affine algebraic curve

Γ(ξ^λ) := {(μ, λ) ∈ C × C_∗ | det( μI − ρ(χ^λ(t) ) = 0} (2.5)

where I is the identity on G, is independent of the time t. This curve is called the spectral curve associated to the loop ξ^λ. In most of the cases discussed in Section 1, Γ(ξ^λ) turns out to be hyperelliptic.

By observing the behaviour of the eigenspaces of ad^G (χ^λ(t)) in GC as a function of t, we may interpret (2.4) as a deforming complex line bundle in Γ(ξ^λ) × GC. This gives a representation of a solution to (2.3) as a line in the Jacobian of the corresponding spectral curve.

There remains the question of complete integrability of this system. Equation (2.2) is not, in general, completely integrable with the given Poisson structure.

The standard method of obtaining an integrable system is to substitute the given Lie bracket on G̃ with an another bracket. This new bracket is given by

[ξ , η]_R := [R(ξ) , η] + [ξ , R(η)]

where R ∈ End(G̃) is required to satisfy the modified classical Yang-Baxter equation

R( [R(ξ) , η] + [ξ , R(η)] ) − [R(ξ) , R(η)] − α[ξ , η] = 0 , α ∈ R

This equation is a sufficient condition for insuring that [ , ]_R satisfies the Jacobi identity. A linear endomorphism R that satisfies the Yang-Baxter equation is called an “r-matrix” (see also [39, 9]).

We denote the canonical Poisson structure associated to (G̃ , [ , ]_R) by { , }_R. This new bracket has the property that (certain) conserved quantities of (V , { , }_R , h) commute with respect to it. This allows us to apply Arnold’s theorem on integrable systems to obtain a dynamical system on a torus (or cylinder). In fact, the branch points of Γ(ξ^λ), for ξ^λ ∈ V, together with linear coordinates on (a real subtorus of) its Jacobian Jac(ξ^λ) essentially give action-angle coordinates on V.

In this way V can be given the structure of a bi-Hamiltonian system (see [22] for the definition).

By way of an example, we consider the case of surfaces with constant Gauss curvature K = −1 (i.e. when the metric ε on R^2 is the Minkowski metric).

Writing G̃ = λ^{−1}G[λ^{−1}] ⊕ G ⊕ λG[λ], we define the needed R-matrix to be R := Π_+ − Π_−, where Π_− : G̃ → λ^{−1}G[λ^{−1}] resp. Π_+ : G̃ → λG[λ] denotes the projection of a Laurent polynomial onto its tail of negative resp. positive terms. For each nonnegative integer n, we define linear operators L^′_n , L^{′′}_n on G̃ by the rules

L^′_n := 1 2 (R + 1) ∘ M_λ1�n , L^{′′}_n := 1 2 (R − 1) ∘ M_λn�1 , (2.6)

where M_{p(λ)} denotes multiplication by the polynomial p(λ).

We further define a nested sequence of finite dimensional subspaces of G̃_σ by the rule

G̃^n_σ = {^n ∑ −n λ^aξ_a ∈ G̃ | ξ_a ∈ K if a even, ξ_a ∈ P if a odd } .

It is easily verified that the restriction of the above operators to G̃^n_σ is given by

L^′_n(ξ^λ) = 1 2 ξ_{n−1} + λ ξ_n , L^{′′}_n(ξ^λ) = − 1 2 ξ_{1−n} − λ^{−1} ξ_{−n} (2.7)

where ξ^λ = ∑ a λ^aξ_a ∈ G̃^n_σ . In particular, they leave G̃^n_σ invariant for n odd.

Let us denote the real form of G̃C_σ corresponding to ε by ξ^λ ∈ G̃^ε_σ. An element ξ^λ ∈ G̃^ε_σ will be called an admissible loop in normal form if ξ^λ = ∑_n −n λ^aξ_a for n odd, ξ_{−n} = −(1/2) e^{i ω0} k and ξ_n = −(1/2) e^{−i ω0} k, where ω_0 ∈ R.

Recall that we defined (u, v) to be characteristic coordinates on (R^2 , ε). For notational convenience, let ad denote the adjoint representation of G̃^ε_σ.

We are now ready to state the main result of this section:

Theorem 2.1 Let ξ^λ ∈ G̃^n_σ be an admissible loop in normal form. Then there exists a unique smooth map χ^λ : R^2 → G̃^n_σ satisfying the system of Lax equations

χ_u = −ad_L0n_{(χ}˘_)(χ^λ) , χ_v = −ad_L00n_{(χ}˘_)(χ^λ) , χ^λ(0, 0) = ξ^λ . (2.8)

Furthermore, if A^λ = (A^λ)^′ du + (A^λ)^{′′} dv, where

(A^λ)^′ := L^′_n(χ^λ) , (A^λ)^{′′} := L^{′′}_n(χ^λ) , (2.9)

then A^λ is the family of connections associated to a connection in normal form.

Remark: The solution χ^λ to the above system of equations also has a geometrical interpretation. It is referred to as a polynomial Killing field because it is a Laurent polynomial in λ and an infinitesimal symmetry of the family of connections A^λ. Furthermore, one has that the kernel of ad^G (χ^{λ=1}) determines the direction of the axis for the corresponding surface φ^{λ=1}. This axis is apparent in the series of pictures at the end of this article.

3 History

Wente, in his 1984 paper [37] (Figure 4), solved the long standing problem of Hopf:

Is a constant mean curvature surface in R^3 (soap bubble) that is complete and compact necessarily a round sphere?

Wente proved that there exist soap bubbles (Wente tori) with the same topological type as a torus. He had learned from Eisenhart’s textbook [12] the relationship between soap bubbles and the sinh-Gordon equation discussed in Section 1. Had he read a few more pages in Eisenhart he would have seen that the classical geometers had already found the solutions he would spend years reconstructing via analytical methods [38]. These solutions play a central role in Wente’s work.

In fact, in 1985, after Wente’s construction, Abresch [1] rediscovered the methods of Enneper (and his school) [13] and [14], used over a century earlier. Abresch gave explicit formulas, in terms of elliptic integrals, of Wente tori. The simplifying ansatz of Enneper was the geometric condition that one family of curvature lines be planar. As mentioned in Section 1, to each constant Gauss curvature K = +1 surface, there is a parallel surface with constant mean curvature H = 1/2. So there are in some sense three cases: K = −1, K = +1, and H = 1/2. And Enneper had three students: Lenz, Bockwoldt and Voretzsch (resp!). And each wrote a doctoral dissertation [19], [8] and [35]. The dissertation of Voretzsch is the most impressive. The last six pages are tables of numbers giving the x, y, and z coordinates of a constant mean curvature surface. It is important to note that it was not known until Wente’s paper in 1984 that some of these examples in fact close up to form compact soap bubbles. As early as 1982 Walter [36] attempted to construct compact examples using Enneper’s method. In 1986 Abresch [2] extended Enneper’s method. This second paper of Abresch played a pivotal role in the modern development of the theory.

Enneper’s solutions, in the case K = −1, correspond to the solutions generated by (symmetric) genus two hyperelliptic spectral curves [21] (Figure 3). Solutions corresponding to genus one spectral curves arise geometrically by assuming the stronger condition that the surface is a surface of revolution. The rotationally invariant examples were discovered much earlier (in 1839) by Minding (Figure 1). The analogous constant mean curvature surfaces of revolution were found (in 1841) by Delaunay (Figure 2).

In 1883, Dobriner [10], wrote a long paper essentially repeating Enneper’s 1868 work. The editor allowed (in the same issue) a scathing rebuttal by Enneper [15], criticizing Dobriner for being 15 years behind the times!

Nevertheless in 1886 Dobriner [11], solved a much harder problem posed by Enneper:

Characterize those constant Gauss curvature K = −1 surfaces with one family of spherical lines of curvature.

In this elegant paper, Dobriner classifies all such surfaces and derives an explicit representation of such surfaces by means of theta functions. Dobriner’s solutions correspond to the solutions generated by (symmetic) genus three hyperelliptic spectral curves [21],[24] (Figures 7 and 8).

An excellent historical survey of surfaces of constant curvature is Reckziegel [28]. The earlier works of Bonnet, Dini and Joachimsthal are discussed. Also discussed are the examples of Kuen [18] (Figure 5) and Sievert [29] (Figure 6) which correspond to simple solitons and are given explicitly via trigonometric functions. One of Kuen’s beautiful surfaces graces the cover of Gerd Fischer’s book (see [28]).

The most detailed and comprehensive work from the classical perspective is that of Steuerwald [32]. This paper also gives a complete discussion of Bäcklund’s transformation and it’s relationship to Enneper surfaces.

Recall that the sine-Gordon equation, in characteristic coordinates, is given by

∂_u∂_vω = sin ω ,

where ω is a real-valued function on the plane. In [20], Lie observed that if ω is a solution to this equation, then ω̃ (u, v) := ω (λu, λ^{−1}v) is also a solution for all nonzero real numbers λ. By virtue of the fundamental theory of surfaces, there is a K = −1 surface associated to each ω̃. This collection of surfaces, constructed via Sym’s formula in Section 1 is the associated family of the surface corresponding to ω. The parameter λ plays the role of the spectral parameter in the soliton methods described in this paper.

Some of the standard references for surface theory deal with the work of Enneper and Dobriner. These include Darboux and Eisenhart. In 1893 Adam (probably Darboux’s student) also studied Enneper surfaces [3]. The Italian edition of Bianchi’s textbook [4] is more inclusive than the German translation. For example, Bianchi’s multisoliton like surfaces can be found there (Figure 11 and also [30], [31]).

A classification of constant mean curvature tori using soliton theory is given in Pinkall-Sterling [23]. These surfaces can be generated by theta functions using Bobenko’s representation [6].

140 M. Melko and I. Sterling

Integrable systems, harmonic maps and the classical theory of surfaces 141

142 M. Melko and I. Sterling

Integrable systems, harmonic maps and the classical theory of surfaces 143

Bibliography

[1] U. Abresch, Constant mean curvature tori in terms of elliptic functions, J. reine angew. Math. 374(1987), 169-192.

[2] U. Abresch, Old and new periodic solutions of the sinh-Gordon equation, Seminar on new results in non-linear partial differential equations, Vieweg, Wiesbaden 1987.

[3] P. Adam, Sur les surfaces isothermique à lignes de courbure planes dans un système ou dans les deux systèmes, Ann. Sci. Éc. Norm. Sup. 10 (3) (1893), 319-358.

[4] L. Bianchi, Lezioni di geometria differenziale, Spoerri, Pisa (1902). [5] A.I. Bobenko, Constant mean curvature surfaces and integrable equations, Russian Math. Surveys 46:4(1991), 1-45.

[6] A.I. Bobenko, All constant mean curvature tori in R^3, S^3, H^3 in terms of thetafunctions, Math. Ann. 290 (1991), 209-245.

[7] A.I. Bobenko, Surfaces in terms of 2 by 2 matrices. Old and new integrable cases, this volume.

[8] G. Bockwoldt, Über die Enneperschen Flächen mit konstantem positivem Krümmungsmass, Dissertation, Universität Göttingen (1878).

[9] F.E. Burstall and F. Pedit, Harmonic maps via Adler-Kostant-Symes theory, this volume.

[10] H. Dobriner, Über die Flächen mit einem System sphärischer Krümmungslinien, J. reine angew. Math. (Crelle’s Journal) 94(1883), 116-161.

[11] H. Dobriner, Die Flächen Constanter Krümmung mit einem System Sphärischer Krümmungslinien dargestellt mit Hilfe von Theta Functionen Zweier Variabeln, Acta Math. 9(1886), 73-104.

[12] L. P. Eisenhart, A treatise on the differential geometry of curves and surfaces, Dover Publications, Inc., New York 1909.

[13] A. Enneper, Analytisch-geometrische Untersuchungen, Göttinger Nachr.(1868), 258-277 and 421-443.

[14] A. Enneper, Untersuchungen über die Flächen mit planen und sphärischen Krümmungslinien, Abh. Königl. Ges. Wissensch. Göttingen, 23(1878) and 26(1880).

[15] A. Enneper, Über die Flächen mit einem System sphärischer Krümmungslinien, J. reine angew. Math. (Crelle’s Journal) 94(1883), 329-341.

[16] D. Ferus, and F. Pedit, S^1-equivariant minimal tori in S^4 and S^1-equivariant Willmore tori in S^3, Math. Z. 204(1990), 269-282.

[17] H. Hasimoto, A soliton on a vortex filament, J. Fluid Mech. 51(1972), 477-485. [18] T. Kuen, Flächen von constantem negativen Krümmungsmass nach L. Bianchi, Sitzungsber. der Bayer. Akad. (1884).

[19] E. Lenz, Über Ennepersche Flächen konstanten negativen Krümmungsmasses, Dissertation, Universität Göttingen (1879).

[20] S. Lie, Zur Theorie der Flächen konstanter Krümmung, Archiv for Mathematik og Naturvidenskab (I u. II)(1879) and (III)(1880), Kristiania.

[21] M. Melko, and I. Sterling, Application of Soliton Theory to the Construction of Pseudospherical Surfaces in R^3, Ann. of Glob. Anal. (to appear).

144 M. Melko and I. Sterling

[22] P. Olver, Applications of Lie Groups to Differental Equations, Springer-Verlag, Berlin, 1986.

[23] U. Pinkall, and I. Sterling, On the classification of constant mean curvature tori, Ann. of Math. 130 (1989), 407-451.

[24] U. Pinkall, and I. Sterling, Computational aspects of smoke ring deformations, in preparation.

[25] U. Pinkall, and I. Sterling, Computational aspects of soap bubble deformations, Proc. Amer. Math. Soc. (to appear).

[26] U. Pinkall, and I. Sterling, Willmore surfaces, Math. Intell. 9(1987), 38-43. [27] K. Pohlmeyer, Integrable Hamiltonian systems and interactions through quadratic constraints, Comm. Math. Phys. 46(1976), 207-221.

[28] H. Reckziegel, Surfaces of Constant Curvature, Mathematical Models (edited by Gerd Fischer), Vieweg, Wiesbaden 1986, 30-41.

[29] H. Sievert, Über die Zentralflächen der Enneperschen Flächen konstanten Krümmungsmasses, Dissertion, Universität Tübingen (1886).

[30] I. Sterling, and H. Wente, Existence and Classification of Constant Mean Curvature Multibubbletons of Finite and Infinite Type, Indiana J. Math. (to appear).

[31] I. Sterling, and H. Wente, Renormalized Energy for Multisolitons and the Langer- Perline Invariant, University of Toledo preprint (1993).

[32] R. Steuerwald, Über Ennepersche Flächen und Bäcklundsche Transformation, Abh. d. Bayer. Akad. d. Wiss. (1936).

[33] A. Sym, Soliton surfaces and their application (Soliton geometry from spectral problems), Lect. Notes in Phys. 239(1985), 154-231.

[34] G. Tzitzeica, Sur une Nouvelle Classe de Surfaces, C. R. Acad. Sci. Paris, 150 (1910), 955-956.

[35] M. Voretzsch, Untersuchung einer speziellen Fläche constanter mittlerer Krümmung bei welcher die eine der beiden Schaaren der Krümmungslinien von ebenen Curven gebildet wird, Dissertation, Universität Göttingen (1883).

[36] R. Walter, Zum H-Satz von H. Hopf, preprint, Universität Dortmund,1982. [37] H. Wente, Counterexample to a conjecture of H. Hopf, Pacific J. Math. 121(1986), 193-243.

[38] H. Wente, personal conversation.

[39] J.C. Wood, Harmonic maps into symmetric spaces and integrable systems, this volume.