Visualizing Nonlinear Electrodynamics

G. Martin and I. Sterling

Department of Mathematics, University of Toledo, Toledo, Ohio, USA

Summary. Visualizing phenomena in high dimensions requires a combination of equivariant mathematics and computer graphics. This paper applies the method of equivariant geometry, which involves Lie Groups and PDE’s, to the study nonlinear electrodynamics. For the difficult calculations and for the graphics we used Maple.

1. Introduction

The motivation for geometric relativization arises from physics. In a series of papers [3, 4, 5, 6, 7], the first author has developed a model for nonlinear electrodynamics by a relativization process which mimics the relativization of Newtonian mechanics into special relativity. This paper studies the moduli space of solutions to the central PDE in this theory.

The relativization of Newtonian mechanics and Maxwell’s electrodynamics are the first two relativizations in an infinite series of relativizations. Preliminary investigations into the third relativization yield PDE’s which reduce in special cases to the Klein-Gordon PDE and other interesting PDE’s. The fourth relativization becomes very involved and has not yet been studied.

The relativization of Maxwell’s electrodynamics, which is the case studied in this paper, was partially motivated by the breakdown of classical electrodynamics (and its quantum version) in the calculation of the self-energy of a point charge. It is classically calculated to be infinity. Born and Infeld [1], in the 30’s, were the first to suggest non-linear versions of Maxwell’s equations in order to correct this. A very readable discussion can be found in [2].

Figure 1.1. Compare Unbounded versus Bounded

Figure 1.1 compares the classical potential with a non-linear potential found in Section 6. It is also interesting to compare this with Figure 1 p.440 of [1].

Finally, we mention that a detailed analysis “at a point” in the new model [7] has led to quark-like structures.

Section 2. recalls the central dynamical equation. In Section 3. we explicitly calculate the generalized (Maxwell’s) PDE’s. These PDE’s live on R^8, and in Section 4. we reduce them to a canonical R^4.

In Section 5. we introduce the standard electric and magnetic fields and write the general equations in terms of these.

Section 6. contains the analysis of the radially equivariant reductions of our PDE. We have some old (static) and new (non-static) examples.

We are currently investigating the rotationally symmetric case. This was discussed briefly during our presentation, but is not contained here due to lack of space.

2. Review of Martin Theory

The extension of electrodynamics that is the center of this article has its origins in the formulation of classical electrodynamics described by Souriau in [8]. This development of electrodynamics treats the vector potential as a 1-form on a space-time manifold N. Geometrically, a 1-form is a section of the cotangent bundle T^∗N.

For a discussion of Souriau’s work and its reformulation in the framework of geometric relativization, we refer the reader to [7]. In geometric relativization the cotangent bundle of space-time is replaced with an eight-dimensional M endowed with a neutral metric g; this space is denoted by (M^8, g).

The dynamical equations are given by ι(Λ)dℓ(Λ) − 1 2 d(ℓ(Λ)(Λ)) = 0 (2.1)

where Λ is a 2-vector field and ℓ : Λ_2(M) −→ Λ^2(M) is induced by the Legendre map ℓ : T M −→ T^∗M (see Section 3.).

Remark 2.1. If Λ is simple, then 2.1 is the variation of volume formula for minimal submanifolds. Equivariant geometry and computer graphics have been used extensively to discover and investigate new examples of high dimensional minimal (and constant mean curvature) submanifolds. In this paper we investigate the non-simple Λ.

3. Balanced Fields for R^8

Let {e_1, . . . , e_4, f_1, . . . , f_4} be coordinates on R^8. Define a (neutral) metric h on R^8 by h(^∂_{∂ei} ,^∂_{∂fi} ) = 1 for 1 ≤ i ≤ 4 and h is 0 for all other pairs of basis vectors. Let V, W ∈ so(4) (i.e. V^t = −V ,W^t = −W ). Let ω(u, v) := h(Eu, v) where

E := ( E_1 E_2 E_3 E_4 ) , := ( (1 + W V )(1 − W V )^{−1} −2(1 − W V )^{−1}W 2(1 − V W )^{−1}V −(1 + V W )(1 − V W )^{−1} ) . Proposition 3.1. ω is a 2-form. In fact ω = 2{(1 − V W )^{−1}V }_{ji}de_i ∧ de_j − 2{(1 − W V )^{−1}W }_{ji}df_i ∧ df_j +{(1 + W V )(1 − W V )^{−1}}_{ji}de_i ∧ df_j . (The sum in the first two terms is over 1 ≤ i < j ≤ 4 and in the last term is over all 1 ≤ i, j ≤ 4.)

Proof. Since de_i ∧ de_j = de_i ⊗ de_j − de_j ⊗ de_i, etc. we have

ω(e_k, e_ℓ) =

{2(1 − V W )^{−1}V }_{ℓk} if 1 ≤ k < ℓ ≤ 4 0 if 1 ≤ k = ℓ ≤ 4 −{2(1 − V W )^{−1}V }_{ℓk} if 1 ≤ ℓ = k ≤ 4, ω(e_k, f_ℓ) = {(1 + V W )(1 − W V )^{−1}}_{ℓk} if 1 ≤ k, ℓ ≤ 4, ω(f_ℓ, e_k) = −{(1 + V W )(1 − W V )^{−1}}_{ℓk} if 1 ≤ k, ℓ ≤ 4.

Since E_3 = −E^t_3, E_2 = −E^t_2 and E_4 = −E^t_1, we see that the matrix of ω(u, v) over the basis is of the form ( E^t_3 E^t_1 E^t_4 E^t_2 ) . Using a Maple program one checks that this equals the matrix of h(Eu, v) over the basis. □

Let {E_1, . . . , E_4, F_1, . . . , F_4} be dual to the basis {de_1, . . . , de_4, df_1, . . . , df_4}. Define a two-vector by Λ = {2(1 − V W )^{−1}V }_{ji}F_i ∧ F_j − {2(1 − W V )^{−1}W }_{ji}E_i ∧ E_j +{(1 + W V )(1 − W V )^{−1}}_{ji}F_i ∧ E_j .

The Legendre map ℓ : T M −→ T^∗M is defined by ℓ(u)(v) := g(u, v). In term of a basis we have [9] ℓ(G_i) = g_{ik}dg_k. The induced map from Λ_2(M) to Λ^2(M) also denote by ℓ is defined by ℓ(λ_{ij} G_i ∧ G_j ) := λ_{ij} (ℓ(G_i) ∧ ℓ(G_j )).

Lemma 3.1. ℓ(Λ) = ω.

Proof. Use the definition of ℓ together with the following equations given by using the metric h:

ℓ(E_i ∧ E_j ) = ℓ(E_i) ∧ ℓ(E_j ) = df_i ∧ df_j , ℓ(E_i ∧ F_j ) = df_i ∧ de_j = −de_j ∧ df_i, ℓ(F_i ∧ F_j ) = de_i ∧ de_j . □ Definition 3.1. A two-vector field Λ is said to have charge e if C(Λ, ℓ(Λ)) = e id. Proposition 3.2. Λ has charge −1.

Proof. By Lemma 3.1 we have that ℓ(Λ) = ω. Let Λ = ∑ i<j Λ_{ij} G_i ∧ G_j , ω = ∑ k<ℓ ω_{kℓ} g_k ∧ g_ℓ, and C(Λ, ℓ(Λ)) = ∑ α,β C_{αβ} G_α ∧ dg_β. Using “1.1e” we have C(Λ, ω) := ∑ i<j,k<ℓ Λ_{ij} ω_{kℓ}C(G_i ∧ G_j , dg_k ∧ dg_ℓ), = G_j (dg_ℓ)G_i ⊗ dg_k − G_j (dg_k)G_i ⊗ dg_ℓ −G_i(dg_ℓ)G_j ⊗ dg_k + G_j (dg_k)G_i ⊗ dg_ℓ, = δ_{jℓ}G_i ⊗ dg_k − δ_{jk} G_i ⊗ dg_ℓ −δ_{iℓ}G_j ⊗ dg_k + δ_{ik}G_i ⊗ dg_ℓ. So we have C_{αβ} = ∑ α<j,β<ℓ δ_{jℓ}Λ_{αj} ω_{βℓ} − ∑ α<j,k<β δ_{jk}Λ_{αj} ω_{kβ} − ∑ i<α,β<ℓ δ_{iℓ}Λ_{iα}ω_{βℓ} + ∑ i<α,k<β δ_{ik}Λ_{iα}ω_{kβ} , = ∑ α<N,β<N Λ_{αN} ω_{βN} − ∑ α<N<β Λ_{αN} ω_{Nβ} − ∑ β<N<α Λ_{Nα}ω_{βN} + ∑ N<α,N<β Λ_{Nα}ω_{Nβ}. If we define ω̃ by

ω̃_{ij} = ω_{ij} i < j 0 i = j −ω_{ij} j < i and Λ̃ by

Λ̃_{ij} = Λ_{ij} i < j 0 i = j −Λ_{ij} j < i, then we have

C_{αβ} = − 8∑ N=1 Λ̃_{αN} ω̃_{Nβ} = −(Λ̃ · ω̃)_{αβ} . Noting that Λ_{ij} = ω_{i+4,j+4} 1 ≤ i < j ≤ 4 −ω_{ij} 1 ≤ i ≤ 4, 5 ≤ j ≤ 8 ω_{i−4,j−4} 5 ≤ i < j ≤ 8, the result follows from a Maple program. □ Lemma 3.2. dω = −2({(1 − V W )^{−1}V }_{ij,k} + {(1 − V W )^{−1}V }_{ki,j} +{(1 − V W )^{−1}V }_{jk,i})de_i ∧ de_j ∧ de_k +2({(1 − W V )^{−1}W }_{ij,k} + {(1 − W V )^{−1}W }_{ki,j} +{(1 − W V )^{−1}W }_{jk,i})df_i ∧ df_j ∧ df_k +2({(1 − V W )^{−1}V }_{ji,k} + {(1 − W V )^{−1}}_{kj,i} −{(1 − W V )^{−1}}_{ki,j} )de_i ∧ de_j ∧ df_k +2(−{(1 − W V )^{−1}W }_{kj,i} + {(1 − W V )^{−1}}_{ji,k} −{(1 − W V )^{−1}}_{ki,j} )de_i ∧ df_j ∧ df_k. Proof. If we write ω = ∑ 1≤n<m≤8 ω_{nm}dg_n ∧ dg_m for short, then dω := ∑ 1≤n<m≤8 8∑ α=1 ω_{nm,α}dg_α ∧ dg_n ∧ dg_m. The de_i ∧ de_j ∧ de_k terms arise from exactly three terms: ω_{jk,i}de_i ∧ de_j ∧ de_k, ω_{ik,j} de_j ∧ de_i ∧ de_k, and ω_{ij,k}de_k ∧ de_i ∧ de_j . This gives +ω_{jk,i} − ω_{ik,j} + ω_{ij,k} as the first coefficient. Now use E^t_3 = −E_3. Similarly for df_i ∧ df_j ∧ df_k. The de_i ∧ de_j ∧ df_k terms arise from exactly three terms: ω_{jk,i}de_i ∧ de_j ∧ df_k, ω_{ik,j} de_j ∧ de_i ∧ df_k, and ω_{ij,k}df_k ∧ de_i ∧ de_j . This gives +ω_{jk,i} − ω_{ik,j} + ω_{ij,k} as the third coefficient. Now use E_{1,α} = {2(1 − W V )^{−1}}_{,α}. Similarly for de_i ∧ df_j ∧ df_k. □ Lemma 3.3. dg_{i1} ∧ · · · ∧ dg_{ik} (G_{i1} ∧ · · · ∧ G_{ik} ) = k!. Proof. We have

LHS = k!dg_{i1} ∧ · · · ∧ dg_{ik} (G_{i1} ⊗ · · · ⊗ G_{ik} ) = k!k!Alt(dg_{i1} ⊗ · · · ⊗ dg_{ik} )(G_{i1} ⊗ · · · ⊗ G_{ik} ) = k!k! 1 k! ∑ σ∈P_r sign(σ)t_σ(dg_{i1} ⊗ · · · ⊗ dg_{ik} )(G_{i1} ⊗ · · · ⊗ G_{ik} ) = k!(dg_{i1} ⊗ · · · ⊗ dg_{ik} )(G_{i1} ⊗ · · · ⊗ G_{ik} ) = k! □ Lemma 3.4. ι( ∑ λ_{ij} G_i ∧ G_j )( ∑ M_{kℓn}dg_k ∧ dg_ℓ ∧ dg_n) = 1 3 ∑ M_{kℓn}λ_{ij} dg_k ∧ dg_ℓ ∧ dg_n(G_i ∧ G_j ∧ G_γ )dg_γ . Proof. Using Lemma 3.3 ι( ∑ λ_{ij} G_i ∧ G_j )( ∑ M_{kℓn}dg_k ∧ dg_ℓ ∧ dg_n)(G_γ ) , = ∑ M_{kℓn}dg_k ∧ dg_ℓ ∧ dg_n( ∑ λ_{ij} G_i ∧ G_j , G_γ ), = 1 3 ∑ M_{kℓn}dg_k ∧ dg_ℓ ∧ dg_n(( ∑ λ_{ij} G_i ∧ G_j , G_γ ) ∧ G_γ ), = 1 3 ∑ M_{kℓn}λ_{ij} dg_k ∧ dg_ℓ ∧ dg_n(G_i ∧ G_j ∧ G_γ ). □ Lemma 3.5. δω = ι(Λ)dω . Proof. This is a lengthy calculation, which we omit due to lack of space. □ Proposition 3.3. The df_k component of δω is (1 ≤ i, j ≤ 4) −2{(1 − V W )^{−1}V }_{ij} ( {(1 − W V )^{−1}W }_{ij,k} + {(1 − W V )^{−1}W }_{ki,j} + {(1 − W V )^{−1}W }_{jk,i} ) +2{(1 − W V )^{−1}W }_{ij} ( {(1 − V W )^{−1}V }_{ji,k} + (1 − W V )^{−1}_{kj,i} − (1 − W V )^{−1}_{ki,j} )

−2{(1 + W V )(1 − W V )^{−1}}_{ji} ( −{(1 − W V )^{−1}W }_{ki,j} + (1 − W V )^{−1}_{ij,k} − (1 − W V )^{−1}_{kj,i} )

and the de_k component is −2{(1 − W V )^{−1}W }_{ij} ( {(1 − V W )^{−1}V }_{ij,k} + {(1 − V W )^{−1}V }_{ki,j} + {(1 − V W )^{−1}V }_{jk,i} ) +2{(1 − V W )^{−1}V }_{ji} ( −{(1 − W V )^{−1}W }_{ji,k} + (1 − W V )^{−1}_{ik,j} − (1 − W V )^{−1}_{jk,i} )

+2{(1 + W V )(1 − W V )^{−1}}_{ji} ( −{(1 − V W )^{−1}V }_{kj,i} + (1 − W V )^{−1}_{ik,j} − (1 − W V )^{−1}_{ij,k} ) .

Proof. Let Λ = A_{ij} E_i ∧ E_j + B_{ij} E_i ∧ F_j + C_{ij} F_i ∧ F_j and let dω = D_{ijk} de_i ∧ de_j ∧ de_k + E_{ijk} de_i ∧ de_j ∧ df_k +F_{ikj} de_i ∧ df_j ∧ df_k + G_{ijk} df_i ∧ df_j ∧ df_k. For df_k the products EA, F B and GC occur. For de_k the products DA, EB and F C occur. Permuting, we have for df_k, the terms (E_{ijk} )A_{ij} , (F_{ijk} or − F_{ikj} )B_{ij} , (G_{ijk} or − G_{ikj} or G_{kij} )C_{ij} , and for de_k (D_{ijk} or − D_{ikj} or D_{kij} )A_ij, (−E_{ikj} or E_{kij} )B_{ij} , (F_{kij} )C_{ij} . It is easy to check that each “or” can be replace by “=” so only three types of indexing need occur in each sum.

Finally, we note that for α and γ symmetric with zeroes on the diagonal we have ∑ i<j α_{ij} + ∑ i,j β_{ij} + ∑ i<j γ_{ij} = 1 2 ( ∑ i,j α_{ij} + 2 ∗ ∑ i,j β_{i,j} + ∑ i,j γ_{ij} ) which explains the extra factor of two in the last terms.

Also we have use A_{ij} = −A_{ji} and C_{ij} = −C_{ji}. □ In each expression there are “trace” terms. For df_k these terms are −2{(1 − V W )^{−1}V }_{ij} {(1 − W V )^{−1}W }_{ij,k} −2{(1 − W V )^{−1}W }_{ij} {(1 − V W )^{−1}V }_{ij,k} −2{(1 + W V )(1 − W V )^{−1}}_{ji}(1 − W V )^{−1}_{ij,k} and for de_k these terms are −2{(1 − W V )^{−1}W }_{ij} {(1 − V W )^{−1}V }_{ij,k} −2{(1 − V W )^{−1}V }_{ij} {(1 − W V )^{−1}W }_{ij,k} −2{(1 + W V )(1 − W V )^{−1}}_{ji}(1 − W V )^{−1}_{ij,k}. Note that these expressions are identical. We work with the second one. Using the product rule on the first term and using (1 + W V )(1 − W V )^{−1} = (1 − W V )^{−1}(1 + W V ) on the third term we have

−2[{(1 − W V )^{−1}W }_{ij} {(1 − V W )^{−1}V }_{ij} ]_{,k} +2{(1 − W V )^{−1}W }_{ij,k}{(1 − V W )^{−1}V }_{ij} −2{(1 − V W )^{−1}V }_{ij} {(1 − W V )^{−1}W }_{ij,k} −2{(1 − W V )^{−1}W V }_{ij} (1 − W V )^{−1}_{ji,k} − 2(1 − W V )^{−1}_{ij} (1 − W V )^{−1}_{ji,k} . Note that the second and third terms cancel (commute the numbers computed for each i, j, k). Using the product rule on the fourth term (and noting that {(1 − W V )^{−1}W V }_{ij,k} = (1 − W V )^{−1}_{ij,k}) we obtain −2[{(1 − W V )^{−1}W }_{ij} {(1 − V W )^{−1}V }_{ij} ]_{,k} −2[{(1 − W V )^{−1}W V }_{ij} (1 − W V )^{−1}_{ji} ]_{,k} + 2(1 − W V )^{−1}_{ij,k} (1 − W V )^{−1}_{ji} −2(1 − W V )^{−1}_{ij} (1 − W V )^{−1}_{ji,k} . Transposing the second product of the first term yields a change in sign so that, considered as traces, the first term then cancels the second term. The third and fourth terms cancel. Hence the “trace” terms all add to zero.

Next, consider the “divergence” terms in k. For df_k they are (again we have use A_{ij} = −A_{ji} and C_{ij} = −C_{ji} and also (1 + W V )(1 − W V )^{−1} = ((1 + V W )(1 − V W )^{−1})^t): +4{(1−W V )^{−1}W }_{ij} (1−W V )^{−1}_{kj,i}+2{(1+W V )(1−W V )^{−1}}_{ji}{(1−W V )^{−1}W }_{ki,j} (3.1) and −4{(1−V W )^{−1}V }_{ij} {(1−W V )^{−1}W }_{ki,j} +2{(1+W V )(1−W V )^{−1}}_{ji}(1−W V )^{−1}_{kj,i} (3.2) For de_k they are +4{(1−V W )^{−1}V }_{ji}(1−W V )^{−1}_{ik,j} +2{(1+V W )(1−V W )^{−1}}_{ji}{(1−V W )^{−1}V }_{ki,j} (3.3) and − 4{(1 − W V )^{−1}W }_{ij} (1 − V W )_{ik,j} + 2{(1 + V W )(1 − V W )^{−1}}_{ji}(1 − V W )^{−1}_{kj,i} (3.4) Noting that {(1 − V W )^{−1}}^t = (1 − W V )^{−1} one sees that these expressions can be transformed into one another by V ←→ W . First consider (3.1). Using (1−W V )^{−1}(1+W V ) = (1+W V )(1−W V )^{−1} and changing notation slightly we obtain = 4{(1 − W V )^{−1}W }_{ij} (1 − W V )^{−1}_{kj,i} +2{(1 − W V )^{−1}(1 + W V )}_{ij} {(1 − W V )^{−1}W }_{kj,i} Again using {(1 − V W )^{−1}}^t = (1 − W V )^{−1} on the first term we have = 4{(1 − W V )^{−1}W }_{ij} (1 − V W )^{−1}_{jk,i} +2{(1 − W V )^{−1}(1 + W V )}_{ij} {(1 − W V )^{−1}W }_{kj,i}

Spliting the first term using the product rule, breaking the second term into two parts and slightly changing notation we obtain = 4(1 − W V )^{−1}_{ij} {W (1 − V W )^{−1}}_{jk,i} −4(1 − W V )^{−1}_{iℓ} W_{ℓj,i}(1 − V W )^{−1}_{jk} +2(1 − W V )^{−1}_{ij} {(1 − W V )^{−1}W }_{kj,i} +2{(1 − W V )^{−1}W V }_{ij} {(1 − W V )^{−1}W }_{kj,i} Using W (1 − V W )^{−1} = −{(1 − W V )^{−1}W }^t the first and third terms add. Their sum combines nicely with the fourth term, and we have = 2{(1 − W V )^{−1}W }_{ik,i} − 4(1 − W V )^{−1}_{iℓ} W_{ℓj,i}(1 − V W )^{−1}_{jk} . Next consider 3.4, which using (1−W V )^{−1}(1+W V ) = (1+W V )(1−W V )^{−1} and changing notation slightly becomes = −4{(1 − W V )^{−1}W }_{ij} {(1 − V W )^{−1}V }_{ki,j} +2{(1 − W V )^{−1}(1 + W V )}_{ij} (1 − W V )^{−1}_{jk,i}.

Using (1 − V W )^{−1}V = −{V (1 − W V )^{−1}}^t on the first term, the product rule on the second term and changing notation slightly we obtain = −4{(1 − W V )^{−1}W }_{ji}{V (1 − W V )^{−1}}_{ik,j} +2(1 − W V )^{−1}_{ij} {(1 + W V )(1 − W V )^{−1}}_{jk,i} −2(1 − W V )^{−1}_{iℓ} (1 + W V )_{ℓj,i}(1 − W V )^{−1}_{jk} .

Using the product rule on the first term, expanding the second term and changing notation slightly we obtain = −4(1 − W V )^{−1}_{ji} {W V (1 − W V )^{−1}}_{ik,j} + 4(1 − W V )^{−1}_{jℓ} W_{ℓi,j} {V (1 − W V )^{−1}}_{ik} +2(1 − W V )^{−1}_{ji} {W V (1 − W V )^{−1}}_{ik,j} + 2(1 − W V )^{−1}_{ji} (1 − W V )^{−1}_{ik,j} −2(1 − W V )^{−1}_{iℓ} (W V )_{ℓj,i}(1 − W V )^{−1}_{jk} . Applying the product rule to the sum of the first and third terms, and changing notation slightly we obtain = −2(1 − W V )^{−1}_{iℓ} (W V )_{ℓj} (1 − W V )^1_{jk,i} +2(1 − W V )^{−1}_{ij} (1 − W V )^{−1}_{jk,i} −2(1 − W V )^{−1}_{iℓ} (W V )_{ℓj,i}(1 − W V )^{−1}_{jk} +4(1 − W V )^{−1}_{jℓ} W_{ℓi,j} V_{im}(1 − W V )^{−1}_{mk} −2(1 − W V )^{−1}_{iℓ} (W V )_{ℓj,i}(1 − W V )^{−1}_{jk} . The sum of the first and second terms simplifies nicely. We apply the product rule to the fourth term and add the third and fifth terms. Changing notation slightly we obtain

= 2(1 − W V )^{−1}_{ik,i} +4(1 − W V )^{−1}_{jℓ} (W V )_{ℓm,j} (1 − W V )^{−1}_{mk} −4(1 − W V )^{−1}_{jℓ} W_{ℓi}V_{im,j} (1 − W V )^{−1}_{mk} −4(1 − W V )^{−1}_{iℓ} (W V )_{ℓj,i}(1 − W V )^{−1}_{jk} . The second and fourth terms add to zero. Changing notation slightly we obtain = 2(1 − W V )^{−1}_{jk,j} − 4{(1 − W V )^{−1}W }_{ji}V_{im,j} (1 − W V )^{−1}_{mk}. Consequently, δω = ∑ k [2{(1 − W V )^{−1}W }_{ik,i} − 4(1 − W V )^{−1}_{iℓ} W_{ℓj,i}(1 − V W )^{−1}_{jk} +2(1 − V W )^{−1}_{jk,j} − 4{(1 − V W )^{−1}V }_{ji}W_{im,j} (1 − V W )^{−1}_{mk}]df_k + ∑ k [2{(1 − V W )^{−1}V }_{ik,i} − 4(1 − V W )^{−1}_{iℓ} V_{ℓj,i}(1 − W V )^{−1}_{jk} +2(1 − W V )^{−1}_{jk,j} − 4{(1 − W V )^{−1}W }_{ji}V_{im,j} (1 − W V )^{−1}_{mk}]de_k.

4. The First Reduction - to a Euclidean R^4

We are now going to change coordinates. The reason we didn’t start with the new x, y coordinates is that the previous calculations would have been been even worse (involving square roots). Let x_i =^1_2 (e_i + f_i) and y_i =^1_2 (e_i − f_i). Suppose that V and W depend only on (x_1, . . . , x_4). Then (temporarily using superscripts ef and xy)

V^{ef}_{ij} (e_1, . . . , e_4, f_1, . . . , f_4) = V^{xy}_{ij} ( e_1 + f_1 2 , . . . , e_4 + f_4 2 ), W^{ef}_{ij} (e_1, . . . , e_4, f_1, . . . , f_4) = W^{xy}_{ij} ( e_1 + f_1 2 , . . . , e_4 + f_4 2 ). Consequently, V^{ef}_{ij,k} =^1_2 V^{xy}_{ij,k} and W^{ef}_{ij,k} =^1_2 W^{xy}_{ij,k} . Using these identities and droping the superscripts, our equation for δω only changes by a factor of two. We have δω = ∑ k [{(1 − W V )^{−1}W }_{ik,i} − 2(1 − W V )^{−1}_{iℓ} W_{ℓj,i}(1 − V W )^{−1}_{jk} +(1 − V W )^{−1}_{jk,j} − 2{(1 − V W )^{−1}V }_{ji}W_{im,j} (1 − V W )^{−1}_{mk}]df_k + ∑ k [{(1 − V W )^{−1}V }_{ik,i} − 2(1 − V W )^{−1}_{iℓ} V_{ℓj,i}(1 − W V )^{−1}_{jk} +(1 − W V )^{−1}_{jk,j} − 2{(1 − W V )^{−1}W }_{ji}V_{im,j} (1 − W V )^{−1}_{mk}]de_k.

We can simplify the df_k component of δω. Reindexing, using (1−W V )^{−1}W = W (1 − V W )^{−1} and applying the product rule to the second and fourth terms we have = {(1 − W V )^{−1}W }_{ik,i} − 2(1 − W V )^{−1}_{iℓ} {(1 − W V )^{−1}W }_{ℓk,i} +2{(1 − W V )^{−1}W }_{iℓ}(1 − V W )^{−1}_{ℓk,i} +(1 − V W )^{−1}_{ik,i} − 2{(1 − V W )^{−1}V }_{ij} {(1 − W V )^{−1}W }_{jk,i} +2{(1 − V W )^{−1}(1 − 1 + V W )}_{ij} (1 − V W )^{−1}_{jk,i}.

Combining the first, second and fifth terms and (carefully) combining the third, fourth and sixth terms we have

= {1 − 2(1 − W V )^{−1} − 2(1 − V W )^{−1}V }_{ij} {(1 − W V )^{−1}W }_{jk,i} −{1 − 2(1 − V W )^{−1} − 2(1 − W V )^{−1}W }_{ij} (1 − V W )^{−1}_{jk,i}.

A similar expression holds for the de_k component obtained by exchanging V and W . Hence, we arrive at δω = ∑ k (1−2(1−W V )^{−1}−2(1−V W )^{−1}V )_{ij} (((1−W V )^{−1}W )_{jk,i}df_k+(1−W V )^{−1}_{jk,i} de_k)

− ∑ k (1−2(1−V W )^{−1}−2(1−W V )^{−1}W )_{ij} (((1−V W )^{−1}V )_{jk,i}de_k+(1−V W )^{−1}_{jk,i}df_k). (4.1)

5. Electric and Magnectic Fields

We now introduce notation which resembles the classical notation.

V = 0 E_1 E_2 E_3 −E_1 0 B_3 −B_2 −E_2 −B_3 0 B_1 −E_3 B_2 −B_1 0

, (5.1)

W = 0 F_1 F_2 F_3 −F_1 0 C_3 −C_2 −F_2 −C_3 0 C_1 −F_3 C_2 −C_1 0

. (5.2)

For short (introducing some new notation), we have V = ( 0 E −E ∗B ) , (5.3)

W = ( 0 F −F ∗C ) . (5.4)

Also, we define Ṽ = ( 0 B −B −E ) , (5.5)

W̃ = ( 0 C C −F ) . (5.6)

The following formulas are obtained via matrix calculations and are checked in a Maple program. V W = ( −E · F −E × C B × F −(B · C) I + E ⊗ F + C ⊗ B ) , (5.7)

where E ⊗ F = E_1F_1 E_1F_2 E_1F_3 E_2F_1 E_2F_2 E_2F_3 E_3F_1 E_3F_2 E_3F_3

. (5.8) V W V = αV + βW̃ , W V W = αW + δṼ , where α = −E · F − B · C, β = B · E and δ = C · F . Ṽ V = V Ṽ = −βI, W̃ W = W W̃ = −δI, V W V W = αV W − βδI, W V W V = αW V − βδI. We obtain finally

(1 − W V )^{−1} = 1 − α 1 − α + βδ I + 1 1 − α + βδ W V, (1 − V W )^{−1} = 1 − α 1 − α + βδ I + 1 1 − α + βδ V W, (1 − W V )^{−1}W = 1 1 − α + βδ W + δ 1 − α + βδ Ṽ , (1 − V W )^{−1}V = 1 1 − α + βδ V + β 1 − α + βδ W̃ . By introducing the functions q = 1 − α 1 − α + βδ , h = 1 1 − α + βδ , g = β 1 − α + βδ , k = δ 1 − α + βδ , these equations become (1 − W V )^{−1} = qI + hW V, (1 − V W )^{−1} = qI + hV W, (1 − W V )^{−1}W = hW + kṼ , (5.9) (1 − V W )^{−1}V = hV + gW̃ .

6. Radially Symmetric

We now consider, within the R^4 reduction of the last section, both the static and the time-varying radially symmetric cases.

Radial symmetry and time independence implies that V and W can be expressed in terms of four functions e(r), b(r), f(r), c(r) where r = √ x^2_1 + x^2 + x^2_3 and have the form V = ( 0 ex −ex b(∗x) ) , W = ( 0 fx −fx f(∗x) ) , where x = (x_1, x_2, x_3). Using 5.9 and 4.1, we calculate dω in Maple programs.

In the time dependent case we have

((ėf − ḟe) − (e^′f^2r^2 + f^′))r(bcr^2 + 1) + f(fer^2 + 1)(bcr^2 − 3) = 0, ((f^2r^2ė + ḟ) + (e^′f − f^′e)r^2)(bcr^2 + 1) + 2r(bc + ef)(1 + efr^2) = 0, ((ḟ e − ėf) − (f^′e^2r^2 + e^′))r(bcr^2 + 1) + e(fer^2 + 1)(bcr^2 − 3) = 0, ((e^2r^2ḟ + ė) + (f^′e − e^′f)r^2)(bcr^2 + 1) + 2r(bc + ef)(1 + efr^2) = 0,

and in the static case

Figure 6.1. Static Solutions

(e^′f^2r^2 + f^′)r(bcr^2 + 1) + f(fer^2 + 1)(bcr^2 − 3) = 0, (e^′f − f^′e)r^2(bcr^2 + 1) + 2r(bc + ef)(1 + efr^2) = 0, (f^′e^2r^2 + e^′)r(bcr^2 + 1) + e(fer^2 + 1)(bcr^2 − 3) = 0, (f^′e − e^′f)r^2(bcr^2 + 1) + 2r(bc + ef)(1 + efr^2) = 0.

In the static case we can solve uniquely. The equations lead to ⇝ bc = −ef, ⇝ e = kf, ⇝ bc = −k^2f^2

⇝ f^′r(−k^2f^2r^2 + 1) + f(k^2f^2r^2 + 3) = 0.

The solution is (see Figure 6.1) f(r) = r^2 ± √ r^4 − 4kC^4 2rkC^2 .

Figure 6.2. The Time=0 Slice of a Family of Non-Static Solutions

Figure 6.3. A Typical Non-Static Solution

In the time-varying case we were able to find the following solution (see Figures 6.2 and 6.3). e = f, bcr^2 = −fr^2 + frc_1 1 − frc , fr = e^{−2c1t}(c_1 − r^2c_2 2 ± 1 2 √ 4c^2_1 − 4c^2_1r^2c_2 + r^4c^2 − 4).

References

1. M. Born and L. Infeld, Foundations of the New Field Theory, Proc. Royal Society of London. Series A, Math. and Physical, 144, 1934, 425-451.

2. R. Feynman, Feynman Lectures on Physics, Vol II: The Electromagnetic Field, Addison-Wesley, 1964.

3. G. Martin, Relation between charge and energy conservation in a nonlinear electrodynamics, Int. J. Theor. Phys., 26, n.9, 1987, 873-888.

4. G. Martin, Dynamical Structure for k-Vector Fields, Int. J. Theor. Phys., 27, n.5, 1988, 571-585.

5. G. Martin, Geometric Structures Approximated by Maxwell’s Equations, Int.

J. Theor. Phys., 32, n.6, 1993, 985-1004.

6. G. Martin, An overview of a geometric relativization of electrodynamics, Preprint, to appear in conference proceedings, 1995.

7. G. Martin, Kinematic structure of topological singularities in an extended electrodynamics, Preprint, 1995.

8. J. Souriau, Structure des Systèmes Dynamique, Dunod, 1970. 9. Wasserman, Tensors and Manifolds, Oxford University Press, 1992.