PDEs Fall 2014 HW 2
pg 38 #2 Solve u, = cuyy, u(x,0) =log(l + x?), u,(x,0) = 4 + x.
Solution We know that the wave equation has a solution in the form
X+t

u(x, 1) = % [p(x + ct) + p(x — ct) | + — W(s) ds

2C X—Ci
The initial data says

#(x) =u(x,0) =log(l+x?
U(x) =u(x,0) =4+x

Thus,
1 1 X+ct
u(x,t) = > [log(l +(x+c)) + log(1 + (x — ct)z)] + % f 4+ sds
xX—ct
-1 |log(1 + (x + ) + log(1 + (x — ct)?)| + L Py l(x +cr)? — l(x — ct)?
2 2c 2 2

pg 38 #5 The hammer blow problem. SolutionNotice that in this problem,

1 X+ct
u(x,t) = 7 f Ww(s) ds,

—C

where
1 if|x|<a

‘/’(x):{ 0 iflx>a

First, we look at all 6 cases for the location of x + ¢t and x — ¢t with respect to —a and a. These are organized
in the following table:

H Case\ Interval \ u Picture H
et | | | |
1 |x—ct<x+ct<—-a<a u(x,t):f;c;()ds:() x—ct x+ct —a a
x+ct J } } }
2 |—a<a<x—-ct<x+ct u(x,t):fx_ct()ds:O a a4 x—ct  x+ct
et | | | |
3 —a<x—ct<x+ct<a u(x,t):fxi; 1ds=2ct -a x—ct x+ct a
4 | —a<x—-ct<a<x+ct u(x,t):f):alds=a—x+ct —a  x-—ct a  x+ct
et | | | |
5 x—ct<—-a<x+ct<a u(x,t):f_);L lds=x+ct+a | x—ct -a x+ct  a
6 xX—ct<-a<a<x+ct u(x,t):f_aalds:2a x—c  -a a x+ct




So now we just consider this for each of the given ¢ values:

- a
t_2c

H Case \ Interval \ u
3a _ x5 _
1 x< -3 u(r,0)= [ 0ds=0
3a _ x5 _
2 <x u(r.0)= [ 0ds=0
ot g
3 -5 <x<3 u(x,t)—fx_% lds=a
A
4 §<x<37“ u(x,t):fx_%lds:%“—x
x+5
5 —37“<x<—‘—2’ u(x,t):f_azlds:x+37“
6 x<—‘§’,x>‘§‘—><—

Now we plot u on these intervals to get

$ad
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Interval

x < —2a

X+a

u(x,t) = . 0ds=0

—2a < x

X+a

u(x,t) = . 0ds=0

0<x<0 >«

0<x<2a

u(x,t):f;alds:%l—x

2a<x<0

u(x,t):f:alds:x+2a

x<0,0< x>«

$2

—2a

Interval \ u
Sa x+37a
x< -4 u(x,t) = 20ds=0
2 (x, ) fx—%
M < x u(xt):fx+37u0ds:0
2 ’ x_37u
a a
x>§,x<—§—)(—
5 a 5
d<x< u(r.t)= [y lds=—x+3
L3
—57“<x<—§ u(x,t):f_xazlds:x+57“
—f<x<? u(x,f)= [ 1ds=2a




t= -
$2a$
‘ }a a} SL
- 2 2 2
H Case \ Interval u H
x+2a
1 x<-3a u(x,0)= [ "0ds=0
x+2a
2 -3a < x u(x,t)= [ "0ds=0
3 a<x,x<—a—« u(x, ) = :Zalds:4a
4 a<x<3a u(x,t):fxa_mlds:3a—x
5 -3a<x<-a u(x,t):f_);+zalds:x+3a
6 —a<x<a u(x,t):ff;lds:Za
t =24
$2a$
‘—3a —Ll ai 3ia



| Case | Interval \ u |

x+5a

1 x < —6a u(x,t) = s, 0ds=0
x+5a
2 —6a < x u(x,t):fx_SaOds:O

3 da < x,x < —4a >«

4 da < x < 6a u(x,t)zfxa_&llds=6a—x

5 —6a < x < -4a u(x,t):f_):rsalds:x+6a

6 ~4a < x < 4a u(x,t)= [ 1ds=2a
$2a9

i‘ |

—6a —4a

pg 38 #9 Solve

I/txx - 3ux[ - 4”[[ = O
u(x,0) = x*

u;(x,0) = e*
First, we can rewrite the equation as
D*u—3DTu —4T%u = 0,
where D = £ and T = 2. Factoring gives
(D+T)YD-4T)u = 0.
Now, let’s set v = (D — 4T)u. This gives the system of PDEs:

U, —4u, = v

ve+v, =0.



To solve this system, we solve the second equation for v and then solve the first with v plugged back in. To
solve the second equation, we recognize that it can be written as a dot product:

o (!)-0

1 . . 1 .
1 ) Thus, v is constant on lines parallel to : ) That is, v is constant on

lines of the form x — = ¢. So v = f(x — ). Putting this into the first equation in our system gives

Thus, Vv is perpendicular to

u, —4u, = f(x —1).
Now we can do a change of coordinates to solve this equation.
Letx=x—4tand 7 =4x +t.
Doing this change of coordinates gives us that

U, = uz + 4uy

u, = —4us; + u;.
Rewriting the equation in terms of X and 7, we have

uz + 4up + 4(—4uz +up) = f(x — 1)
—15u; = f(x —1).

Now, we just solve for u by integrating. This gives us

—15u = ff(x — ndx + g().
If we assume f has antiderivative cF (for some appropriate constant), we can write
u(x,t) = F(x — 1)+ g(dx +1).
Now, we use the iniitial conditions to find F and g.
ux,0)=x> = F(x)+gdx)=x*

and
u(x,0)=¢" = —F'(x)+g¢(4x) =¢".

If we differentiate the first equation, we get
F'(x) +4¢'(4x) = 2x.

Adding these two equations gives us
5¢'(4x) = e* + 2x.

Integrating gives

5 4 . 1

Zg(4x) =e'+x* = g = geZ + %xz.
Now, we put this back into the first equation and we get

4 1 4
F(x) = x> —g(4x) = x* — g(ex +x%) = gxz - gex.
Thus,
1 4 4 s 1
u(r.1) = Fx =0+ g(x =1 = g =17 = 2"+ ge“T +gr+



pg 38 #10 Solve

Uee + Uy —20u, =0
u(x,0) = ¢(x)
u(x,0) = ¢(x)

As in the previous problem, we rewrite the PDE using operators as
(D* + DT = 20T%)u = 0,

where D, T are defined as before. Factoring gives us the equation
(D—-4T)(D + 5T)u = 0.

Now, as before, we substitute

v=({D+5T)u
to get the system of equations
U, +Su,=v
v, —4v, = 0.

Again, we recognize the second equation as a dot product and rewrite it as
1
Vy- =0.

This tells us that since Vv is perpendicular to ( _1 4 ) v 1s constant on lines of the form 4x + ¢t = ¢. That is,

v(x,t) = f(4x + t). Now, we plug this into the first equation to get the equation
u, +Su; = f(4x + 1).

We can use the change of coordinates

to get
u, = uz + Suyand u, = Suz — u;.

This transforms our PDE to
uz +Su; + SSuz —up) = fAx+1) = 6uz = f(4x+1).
Integrating gives (again, assuming cF is the antiderivative of f with the appropriate constant c)
u=F@x+1)+g).

Thus, u(x,t) = F(4x + 1) + g(5x —1).

Now, we use the initial conditions:
u(x,0) =¢(x) = F(dx)+ g(5x) = ¢(x)

and
u(x,0) =y¢(x) = F'(4x) - g (5x) = y(x).

7



Differentiating the first gives
4F'(x) + 58 (x) = ¢'(x).

Adding this to 5 times the second equation gives

OF'(4x) = ¢'(x) + S¥(x).
o= bfe ) (5)

1 (x\y 5
F(x) = %QS(Z)_F%L lﬁ(S) ds.

Using the first equation again, we get

Thus,

Integrating gives

1 5 (4
£5) = 40 ~ F(42) = 90~ 3600 ~ fo w(s) ds

Thus

x/20 x/20

1 35
8(x) = ¢(x/5) = F(4x/5) = ¢p(x/5) - %¢(X/5) "3 Y(s)ds = 3620~ 3¢ | Y(s) ds.

This gives us our solution:

4x+t 5 5 ;0

5 (7 35 3
) + 6 fo w(s) ds + %gb(Sx —1) - 36 ) U(s) ds.

1 (4x+t

u(x,t) = %¢> )

. In a Vector Calculus class, Green’s Theorem is presented as:

96‘ F-nds= ffdivF(x,y) dA,
oD D

where F is a vector-valued function. Use this to prove these other versions of Green’s Theorem.

“ [ [ i@ rosmas [ [5s-560n

To get this, we replace, in (I) F = fVg to get

‘gngg-nds:ffdiv(ng) dA.
oD D

Using the product rule, we compute

div(fVg) = Vf-Vg + fAg.

SéDng-nds:ffl;Vf-Vg+ngdA‘

Rearranging gives the desired result.

Thus, we have

6]



(b)
[ [une-eandaa= ¢ve-gvn-nas
D oD

For this one, we substitute in (I)) F = fVg — gV f to get
56 (fVg—gVf) -nds= ffdiv(ng -gVf)dA.
oD D
Using the product rule twice, we compute

div(fVg—gVf)=Vf-Vg+ fAg—Vg-Vf—gAf=fAg—gAf.
Thus, we have

95 (fVg - gV/)-nds = f f FAg - gAf dA, @)
oD D

which the desired result.



