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This poem was an encouragement in one of those times when I needed it most

seemed like there was no hope, but there was always a thrush singing.

The Darkling Thrush
I leant upon a coppice gate
When Frost was spectre-grey,
And Winter’s dregs made desolate
The weakening eye of day.

The tangled bine-stems scored the sky
Like strings of broken lyres,
And all mankind that haunted nigh
Had sought their household fires.

The land’s sharp features seemed to be
The Century’s corpse outleant,
His crypt the cloudy canopy,

The wind his death-lament.

The ancient pulse of germ and birth
Was shrunken hard and dry,

And every spirit upon earth
Seemed fervourless as 1.

At once a voice arose among
The bleak twigs overhead
In a full-hearted evensong
Of joy illimited;
An aged thrush, frail, gaunt, and small,
In blast-beruffled plume,
Had chosen thus to fling his soul
Upon the growing gloom.

So little cause for carolings
Of such ecstatic sound
Was written on terrestrial things
Afar or nigh around,
That I could think there trembled through
His happy good-night air
Some blessed Hope, whereof he knew
And I was unaware.
—Thomas Hardy

December 29, 1900

. At times, it

One last note for the reader: a tip for the proof of Lemma 5.13 is to remember in the definitions

of g,, q., and g, that it’s all about u.

v



A STUDY OF p-VARIATION AND THE p-LAPLACIAN FOR 0 < p < 1 AND FINITE
HYPERPLANE TRAVERSAL ALGORITHMS FOR SIGNAL PROCESSING

Abstract

by Heather A. Van Dyke, Ph.D.
Washington State University
May 2013

Chair: Thomas J. Asaki

In this work (freely available by contacting the author), we study and find minimizers of the prob-
lem

minfqu|p+/l|f—u|dx, forO< p <1,
Q

where Q0 C R" is an open bounded convex set. We find fast algorithms that find minimizers for the
p = 1 problem and local minimizers for the p < 1 problem. Our algorithms solve the minimization
problem for p = 1 for all A at the computational cost of solving only the 4 = 0 problem. We also
find and characterize the set of minimizers of the A = O problem.

We compare minimizers to stationary solutions to the p-Laplacian evolution equation
u,=Ayu, forO<p<l.

We also consider a curvature approach to understanding the nature of the evolution in this equation.

We use the curvature understanding to find families of classical stationary solutions.



TABLE OF CONTENTS

ACKNOWLEDGEMENT . . . . . . . . e e iii

ABSTRACT . . . e v

LIST OF TABLES . . . . . s ix

LIST OF FIGURES . . . . . . e e e ix
CHAPTER

1 INTRODUCTION . . . . . e s e s 1

1.1 Motivationand Past Work . . . . . . . . . . .. ... ... 1

1.2 Outline of This Work . . . . . . . . . . . . . 12

2 CHARACTERIZING 21 = 0SOLUTIONS . . . . . . e, 14

2.1 MINIMIZETS . . . . . e e e e e e e e e e e 15

2.2 Characteristicsof M . . . . . . . 18

2.3 Minimizer SUmmary . . . . . ... ..o e e e e e e e e e e 23

3 MONOTONE FUNCTIONS IN HIGHER DIMENSIONS . . . .. ... ... ... 24

3.1 Definitions and Examples . . . . . . . . . .. ... L o 25

3.2 Normal Monotone, Cone Monotone, and K Monotone . . . . . . . ... ... ... 31

3.2.1 ConeMonotone . . . . . . . . .. e e 31

322 Normal Monotone . . . . . . . . . . i i it 41

3.3 Monotone Summary . . . . . ... .. e e e e e e e e e e 44

Vi



4 STATIONARY SOLUTIONS OF THE p-LAPLACIAN . . . ... ... ....... 45

4.1 The p-Laplacian and Its Difficulties WhenO<p <1 . ... ... ... ... ... 45
4.2 Decomposition and Geometric Interpretation . . . . . . . . . ... ... ... ... 52
421 Curvature . . . . . ... e e e e 52

4.2.2 Curvature Computation Examples . . . . . . ... ... ... ... .... 56

4.3 Classical Solutions . . . . . . . . . . e 63
4.3.1 1-dimensional classical solutions . . . . . . . . ... ... ... ... ... 63
4.3.2 Higher dimensional classical solutions . . . . . . ... ... ... ..... 66

4.4 Stationary Solution Summary . . . . . . ... Lo 71
5 ALGORITHMS FOR 1-DIMENSIONAL L'pTV MINIMIZATION . . ... .. .. 74
5.1 Discrete L'pTV . . . . . . . 74
5.1.1 Discretization . . . . . . . . . ..o e e 75

52 L'TVin1-Dimension . . . . . . . . . .. i it 75
5.2.1 Discrete Formulation of L'TV . . . . . ... ... ... ... ....... 76

5.2.2  Properties of the Discrete of L!TV Function . . . . .. ... ........ 76

5.2.3 Hyperplane Traversal Algorithm for L'TV . . . . .. ... ... ... ... 79

5.2.4 ht Algorithm Minimizes L'TV,Proof . . .. ... .. ... ........ 81

5.2.5 More Efficient L'TV Algorithm . . . . . .. .. ... ... ........ 103

5.2.6 ht Algorithm in Higher Dimensions . . . . . . . . ... ... ... .... 110

5.2.7 Time Trials for L'TV ht Algorithm . . . . . . .. ... ... ........ 110

53 L'pTV(p<Dinl-Dimension . . . . . . . . . ... .. ... . 113
5.3.1 htAlgorithm for L'pTV . . . . .. . ... .. . .. .. 114

5.4 p-Variation,the A =0case . . . ... . . . . . . . . e 124
5.4.1 ht Algorithm for p-Variation . . . . . . .. ... ... ... ... .... 132

5.5 Algorithms Summary . . . . . . . . . ... e 136

6 DENOISING AND SCALE SIGNATURES FOR 1-DIMENSIONAL SIGNALS . . 138

vii



6.1 Denoising . . . . . . . . e 138

6.1.1 L'TVExamples . . . . . . . .. i e 138

6.12 L'pTVExamples . . . . . . . . it 147

6.2 Scale Signatures . . . . . . ... 154

6.3 Examples Summary . . . . . . . . ... 160

7 Conclusion . . . . . . ... 161
APPENDIX

A CALCULUS OF ORTHOGONAL COORDINATE SYSTEMS . . . . .. ... ... 164

Al Gradients . . . . . .. e 164

A2 Hessians . . . . . . . . . e e e e 168

A3 DIvergence . . . . ... e 169

A4 Computing: VIVu| . . . . . . 170

BIBLIOGRAPHY . . . . . . e 172

viii



LIST OF TABLES

5.1
5.2
5.3
54

L'TValgorithm . . . . . . .. .. . .. . . i
a Descent algorithm . . . . . . . .. ... L
Efficient L' TV algorithm (written with an up preference) . . . ... .. ... ...
Time Trials for Algorithm 5.3 for general random signals, of size N, with fixed

boundary conditions. . . . . . ... Lo e

5.5 Time Trials for Algorithm 5.3 for random binary signals, of size N, with fixed
boundary conditions. . . . . . .. ...
5.6 Time Trials for Algorithm 5.3 for general random signals, of size N, with free
boundary conditions. . . . . . ... L. L. e
5.7 Time Trials for Algorithm 5.3 for random binary signals, of size N, with free
boundary conditions. . . . . . . . ... L. e
58 L'pTValgorithm . . . . .. ... .. ... ... e
59 L'pTValgorithm . . . . ... . ... .. ...
LIST OF FIGURES
2.1 uy, piecewise linear approximating a step function. . . . ... ... ... ... ..
2.2 Sequence of step functions approachingaline. . . . . . .. ... ... ... ....

X



2.3

3.1

3.2
33

34

3.5
3.6
3.7
3.8
3.9

3.10
3.11
3.12

3.13
3.14
3.15

4.1
4.2
4.3

Sequence of functions that are flat on concentric rings and tend to u(x) = |x|> . . . .

An example of a function that is Lebesgue monotone even though projecting to its

1D domain 1S not MONOtONE. . . . . . .« v v v v i e e e e e

An example of a function that is Lebesgue monotone, but not Mostow monotone . .

An example of a function satisfying all but continuity criteria for Mostow Mono-

tone and is not Vodopyanov-Goldstein monotone. . . . . . .. ... ... ... ..

The level sets of an example function that is Vodopyhanov-Goldstein monotone

but not Lebesgue monotone. . . . . . .. ... Lo
Cone monotone functions have no local extrema. . . . . . . .. ... ... ....
Example of K + (x, f(x)) and K+(x, f(X)). « . v v v v i

Rotating the graph of f so that the line segment from y to X becomes vertical . . . .

An example of a function that is Vodopyanov-Goldstein monotone, but is not Cone

MONOIONE. . .« . v v vttt i e e e et e e e e e e e
An example of a function that is Lebesgue monotone, but is not Cone monotone. . .

Cones with empty interior in a 3D domain that are not justrays. . . . . . . .. . ..

The extended cones are shown pinching the graphs of the functions, shown in blue.

The key point is that the blue curve in each leaf of the foliation is independent of

every other graph. . . . . . . . . .. L

An example of a function that is K monotone, but not Normal monotone. . . . . . .

An example of a function that is not K monotone, but is Normal monotone.

Types of monotonicity in higher dimensions and how they compare for a continu-

ous function. . . . . . . . . .,

Upper semicontinuous step functions are viscosity solutions to (4.4) . . . . .. ..

¢ is a function satisfying ¢(x) = u(xy), ¢(x) < u(x) if x # xo and A,p(xp) <0

u = —|x| is not a viscosity solutionof (4.4) . . . . . . ... ... ...

22

26
27

28

29
33
34
35
36

38
38
39

39
42
43

44

47
48



4.4
4.5
4.6

4.7

4.8

4.9
4.10

5.1

5.2
53
54
55
5.6
5.7
5.8
59
5.10
5.11
5.12

u 1s not a viscosity solution of (4.4) if at any point »” exists and is not zero. . . . . 49
Curvature in the direction of the gradient. . . . . . . . . ... ... ... ..... 53
(a.) up = arctan(x) (blue) and u = up + 6A,u(x,y) (red), (b.) A level curve, at level
1, for each of u, (blue) and ug + 6A,uq (red), (c.) level curves of ugy, and (d.) level
curvesof ug + 0A,ug . . . ..o 58
(a.) up = x* +y* (blue) and u = uy + 6A,u(x,y) (red), (b.) A level curve, at level
2, for each of uy (blue) and uy + 0A,uq (red), (c.) level curves of uy, and (d.) level
curvesof ug +6A,ug . . . ..o Lo 60
(a.) up = arctan(x) + y* (blue) and u = ug + 0A,u(x,y) (red), (b.) A level curve, at

level 1, for each of u (blue) and uy + 6Auq (red), (c.) level curves of uy, and (d.)

level curves of ug + 0A,ug . . . . . . . .o 62
Radial solution, u(r) = " for the p-Laplacian where p=4.. . . . . .. ... ... 67
An azimuthal stationary solution to the p-Laplacian evolution equation. . . . . . . 69

Level lines for the function G(uy, uy) = |uy — uy| + |uy| + |1 — u,|, showing the affine

nature of the discrete formulation for L'TV . . . . ... ... ... ... ..... 79
1D examples for the casesof Lemma 5.8 . . . . . . . ... ... ... ... ... 85
Casel: ul is a point in the middle of acluster. . . . . . .. ... .......... 93
Case2: uﬂ?) is a point on the end of a cluster (fourcases). . . . ... ... .. ... 93
Case 1: Ci(uﬁo)) has left neighbor above and right neighbor below. . . . . . . . . .. 94
Case 3: C,-(ul(.o)) has both neighbors above. . . . . . ... .. ... ... ... 95
Case 1: ugk) is a point in the middle of a cluster (3 possible cases). . . . . . . . . .. 99
Case 2: u(ck) is a point on the end of a cluster (8 possible cases). . . . . .. .. ... 100
Case 1: C ,-(ul(.k)) has left neighbor above and right neighbor below. . . . . . . . . .. 101
Case 3: C i(ugk) ) has both neighbors above. . . . . .. ... ... .......... 102
(4, min G) corresponding to Exs 6.2 (top) and 6.6 (bottom) . . . .. ... ... .. 109
Level lines of a simple example of G forp = S5SandA=1 .. ... ... .. .... 114

X1



5.13
5.14
5.15
5.16
5.17
5.18
5.19
5.20
5.21
5.22
5.23
5.24

6.1

6.2
6.3

6.4

6.5

6.6

6.7

Level lines for the discretized L' pTV, G(uy,u), withA=landp=.1 . ... ... 118

Level lines for the discretized L' pTV, G(u,u), withdA=landp=.5 . ... ... 119
Level lines for the discretized L' pTV, G(u;,u,), withA=landp=.7 . . . .. .. 120
Level lines for the discretized L' pTV, G(u,u,), withdA=landp=9 . ... ... 121
min G vs A given by Algorithm 5.4, forp=.1 . . .. .. ... ... ... ..... 122
minG vs A given by Algorithm 54, forp=4 . . . .. ... ... L. 123
min G vs A given by Algorithm 5.4, forp=.7 . . . . .. ... ... ... ... .. 123
min G vs 4 given by Algorithm 5.4, forp=9 . . . . ... ... ... 0. 124

Level lines for the discretized p-variation, G(uy, us) = |ui|> + |ur — ui|> + |1 — us|. 132
Level lines for the discretized p-variation, G(uy, us) = |uy|[* + |y — uy[* + |1 — up|* . 133
Level lines for the discretized p-variation, G(uy, u2) = |uy|” + |us — uy|” + |1 —uy|” . 134

Level lines for the discretized p-variation, G(u1, us) = |uy|” + |y — uy|” + |1 — up|® . 135

Denoising, using Alg 5.3 for L!TV, a signal of stationary Gaussian noise. Blue:
ground truth. . . . . . .. 139
Denoising, using Alg 5.3 for L'TV, on a simple noisy signal. Blue: ground truth. . 141
Denoising, using Alg 5.3 for L'TV, on a simple noisy signal with higher noise.
Blue: ground truth. . . . . . ... 142
Denoising, using Alg 5.3 for L!TV, a signal composed of noise and a single sine.
Blue: ground truth. . . . . . . ... 143
Denoising, using Alg 5.3 for L!TV (with fixed boundaries), a signal composed of
noise and a single sine. Blue: ground truth. . . . . . .. .. .. 000000 144
Denoising, using Alg 5.3 for L'TV, a signal composed of noise and the sum of
sines. Blue: ground truth. . . . . . .. ... oL oL oL oo 146
Denoising, using Alg 5.4 for L' pTV, a signal of stationary Gaussian noise. Blue:

ground truth. . . . . . .. 148

Xii



6.8

6.9

6.10

6.11

6.12

6.13

6.14

6.15

6.16

6.17

Denoising, using Alg 5.4 for L!pTV, on a simple noisy signal with higher noise.
Blue: ground truth. . . . . . . . ... 149
Denoising, using Alg 5.4 for L'pTV, on a simple noisy signal with higher noise.
Blue: ground truth. . . . . ..o L 150
Denoising, using Alg 5.4 for L! pT'V, a signal composed of noise and a single sine.
Blue: ground truth. . . . . . . ..o 151
Denoising, using Alg 5.4 for L' pT'V (with fixed boundaries), a signal composed of
noise and a single sine. Blue: ground truth. . . . . . . . ... ... ... 152
Denoising, using Alg 5.4 for L'pTV, a signal composed of noise and the sum of
sines. Blue: ground truth. . . . . . . . ... ... L 153
Finding scales using Alg 5.3 for a signal with 4 scales (top). Signatures are discrete
derivatives of the variation (left) and fidelity (right) terms. . . . . . . . .. ... .. 155
Finding scales using Alg 5.3 for a sinusoidal signal with a period of 50. Signatures
are discrete derivatives of the variation (left) and fidelity (right) terms. . . . . . . . 156
Finding scales using Alg 5.3 for a random signal. Signatures are discrete deriva-
tives of the variation (left) and fidelity (right) terms. . . . . . . . .. .. ... ... 157
Finding scales using Alg 5.3 for a random binary signal. Signatures are discrete
derivatives of the variation (left) and fidelity (right) terms. . . . . . . . . ... ... 158
Finding scales using Alg 5.3 for a noisy sinusoidal signal. Signatures are discrete

derivatives of the variation (left) and fidelity (right) terms. . . . . . . . . .. .. .. 159

Xiii



Dedication

To my love

X1V



CHAPTER ONE

INTRODUCTION

The goal of this work is to study and find minimizers of the minimization problem

min fqul” + Alf —uldx, withO < p <1, (L.1)
Q

uel?(Q)

where Q C R” is an open bounded convex set, for image and data analysis tasks. In this work, we
will call this problem L! pT'V. Of particular interest, are finding fast algorithms for the p < 1 cases

and seeking minimizers of the A = 0 case

f|Vu|p, 0<p<l. (1.2)
Q

I also consider other stationary points for (1.2) by considering the stationary solutions of the cor-

responding Euler-Lagrange equation, which is the p-Laplacian evolution equation,

u, = Apu =V -(|VulP2Vu) in Q X [0, o0)
o ( ) , (1.3)
U= Uy in Q x {0}

for 0 < p < 1 and Q c R". Here we use V to mean derivatives with respect to the spatial variables.

1.1 Motivation and Past Work

The motivations behind these goals are found in signal and image analysis tasks such as denoising

and finding scales in data. The idea for image denoising is that we are given noisy data, f : Q C



R" — R, from which we want to obtain an approximation, u*, to the true image. The goal in
denoising is to find u* satisfying the expectations that it should approximate, in some sense, f and
have little variation, since a noisy image will have high variation.

Variational and PDE based methods of denoising have been used for more than two decades

([29],[26],[6],and [8]). The most notable variational techniques solve the problem

u* = arg min fqulp + Alf — ul?dx, (1.4)
uel2(Q) Jo

where p,gq > 0 and the fidelity and variation terms are weighted by 4 > 0. We can see that the
second term is small when u is close to f and so this term addresses the data fidelity requirement.
We also see that if |Vu| is small, that is, if u has little variation, then the first term is small as well.
Notice that for large A, the minimizer will be more like f and for small A, the minimizer should
have very little variation. In the case of denoising, with f a noisy signal or image, the minimizer
when A is very large is noisy, but the minimizer when A is very small is rather flat.

Before discussing particular results, we discuss the calculus of variations used to find the de-

sired minimizers. Given the minimization problem
u* = arg min f L(x,u,Vu) dx, (1.5)
“ o Ja

we can seek minimizers by considering the Euler-Lagrange equation (or the weak form of the
Euler-Lagrange equation). More specifically, we know that if & — L(x, z, ) is convex, then solu-

tions to the Euler-Lagrange equation
V- Le(x,u,Vu) = L(x,u, Vu) (1.6)
or solutions to the weak form of the Euler-Lagrange Equation

f Le(x,u, Vuyp + L(x,u, Vu)pdx = 0V test functions ¢ (1.7)



are minimizers (and stationary points) of (1.5). If & — L(x,z,¢) is strictly convex, the only
stationary point of problem (1.5) is the minimizer. And, thus, the solution to the Euler-Lagrange
Equation is unique and is the minimizer of (1.5). However, if & — L(x, z,&) is nonconvex, then
stationary solutions to (1.5) can be local or global minimizers, saddle points, or local or global
maximizers. Thus, solutions to the Euler-Lagrange equations are merely these stationary points
for the functional (1.5) (see [11], [12], [14] for more details).

Computationally, a common technique is to seek the minimizers of (1.5) using the method of
gradient descent. That is, we start with an initial guess and we use the ‘gradient’ of the functional
given in (1.5) to determine the direction of steepest descent, in the space of functions, to take us to
a minimizer. That is, we introduce a new variable, ¢ and seek u : R"” X [0, 00) — R so that u(x, t)

satisfies the evolution equation
u(x, 1) = L(x, u(x, 1), Vu(x, 1) = V- Le(x, u(x, 1), Vu(x, 1)) (1.8)

given initial data u(x, 0) = uy(x). Since the right-hand side is the negative gradient of the functional,
we expect that u changes over time so that fQ L(u, Vu) dx goes down to a minimizer. So, we look
to the limit as  — oo to seek a stationary solution to (1.8). Notice that when the left-hand side of
(1.8) is zero (that is, at a stationary solution), we have found a solution to (1.6).

Let us define the functional, 7, : L*(Q) — R by

F g, Vu) = fquIp + Alf — uldx. (1.9)
Q

We now briefly discuss a few of the results for particular values of p and q.
Fa2(u, Vu) was first introduced by Tikhonov [29]. This functional is strictly convex. Using
results from the calculus of variations, we can say that there exists a unique minimizer. We can

also find the minimizer by solving the corresponding Euler-Lagrange equation,

Au = A(f — u).



And, solutions to this equation are stationary solutions to the diffusion equation given by
u, = Au— A(f — u).

In image denoising, we find the minimizer of #,,(u, Vu), has smoothed edges around objects
(F2.2(u, Vu) is larger for functions with jump discontinuities than for those that will increase
steadily and so edge location is lost). Pixel intensity is also lost. This problem then is not suf-
ficient for images with regions of high contrast or well defined object edges.

Rudin, Osher, and Fatemi proposed, in [26], minimizing % »(u, Vu), also called the ROF func-
tional, to allow jump discontinuities in #* which makes sense in many real images. In this case,
the regularization term is the total variation, f |Vu|, which does not penalize jump discontinuities.

F1.2(u, Vu) is also strictly convex and the corresponding Euler-Lagrange equation has a unique

Vu
V'(m)=ﬂ(f—u)

solution and it is

the unique minimizer. In image denoising, we see that minimizers preserve the location of object
edges, but still lose contrast (even when f is a noiseless image) and features with high curvature
are lost [28]. That is, corners get rounded.

In [6], Chan and Esedoglu show that minimizing the L'T'V functional, 7, ;, for imaging tasks
will preserve pixel intensity. However, features of high curvatures are still lost. This functional is
again convex, but this time it is not strictly convex. Thus minimizers can be found by solving the

corresponding Euler-Lagrange equation,

- Vul f-u
v (IVMI)_ﬂlf—ul'

But, it should be noted that we cannot guarantee a unique minimizer for L'TV. For a discussion

about the discretized L' TV see also [4] and [24].

In 2007, Chartrand [8] proposed to minimize ¥,, for 0 < p < 1. It is worth noting that the



functionals, ¥,,, are not convex and therefore standard methods do not guarantee that we find
a global minimizer. Despite this lack of guarantee, Chartrand found success in obtaining what
appear to be local minimizers by solving the corresponding Euler-Lagrange equation iteratively by

substituting u,, into |Vu| and then solving for u,, in the equation
(-9 (IVual5 V) + A1) 1 = Af, (1.10)

where [Vulg = W is used instead of |Vu| to avoid division by zero. For a cartoon image or
an image with piecewise constant intensities, these solutions preserve object edges, pixel intensity,
and areas of high curvature where sharp corners occur.

This led us to ask what difference the exponent on the regularization term makes. In order
to understand how better results on noise reduction and edge preservation are obtained by only
changing the exponent in the first term, for 0 < p < 1, I consider the problem

minfqulp. (1.11)
Q

u

The Euler-Lagrange equation is then the p-Laplacian equation

v
—Au=V- (IVuI”_lﬁ) - 0. (1.12)

We assume that the boundary data is fixed, that is, we suppose ulsq = floso. A typical way to find
solutions to equation (1.12) is to iteratively solve the evolution equation (1.3). That is, we let an
initial guess u(0, x) = f(x) evolve over time, keeping the boundary fixed, as above, so that at any
time ¢, u(x, t) satisfies (1.3). The stationary solutions to (1.3) are solutions to (1.12).

Notice that when p = 2, (1.12) is Laplace’s equation and (1.3) is the heat equation. Both
equations are well studied and existence and uniqueness of solutions is well known, see [14].

Existence and uniqueness of local weak solutions for the degenerate (p > 2) case can be found



in [13] for the parabolic equation, (1.3). In fact, a Barenblatt solution is given for the problem

u € Cioe0, T L2 RV) N LP (0, T; WP(RY)), p > 2

loc loc loc

u, =V - ((VulP2Vu) in RN x (0, T) (1.13)
by
p-1
B L —N//l 1 |x| F p-2 O
(x, 1) =t —Yp A , 1> 0,
+
-2
y, =022 A= N(p-2) + p. (1.14)

Further, uniqueness is also established for any nonnegative solution defined on RY x (0, T) in the

following sense.

Theorem 1.1. (See [13] Thm 6.1) Given two nonnegative weak solutions, u,v of (1.13), if
lm(u(-,1) = v(-,0) = 0, in the sense of L, (R™),
t

thenu =vinRY x (0,7).
In [18], an equivalence connecting radially symmetric solutions of the porous medium equa-

tion,

u; = A(u™ /m) (1.15)

and those of the p-Laplacian evolution equation is given. More clearly, Iagar, Sanchez, and

Vazquez give the following theorem.

Theorem 1.2. (See [18]) Let 0 < m < 1. Givenu : R" — R,ii : R" — R. Then u is a radially

symmetric solution to (1.15) if and only if ui is a solution to (1.3) where i is given by

i.) forO<n<?2,
_ 2\ meT
M) , (1.16)

2n=2
_F ?’t — rm+| r,t , =
up(r,t) = K u(r, 1), K ( T 12



where
n-2)m+1)

= +l,_:
p=m " n—mn-—72

and 7= r(mn—m+2)/(m+1) or

ii.) forn> 2, 1
2 m=1
(7, ) = Kriu(r, 1), K := (%) : (1.17)
where
p=m+1l,n= —(n—2;’(711n+1)
and 7 = r¥™/(m+D,

Using this result, we can find a Barenblatt solution to the porous medium equation (1.15) and
then use it to find a solution to the p-Laplacian evolution equation (1.3) for 1 < p < 2. Note that
the dimension of the domain space of the solution to (1.15) is different than that of the solution to
(1.3).

lagar and Sénchez give a similar result for 0 < p < 1 (1 < m < 0) in [17], but for the related
equation

1
u, = FV (Va2 Vu), (1.18)

which they called the very fast p-Laplacian evolution equation. Their result is

Theorem 1.3. (See [17]) For 0 < p < 1 and m = p — 1, the radially symmetric solutions u :

R"XR — Rygand it : R*" X R — R of (1.15) and (1.18) respectively are related through the

transformation
(7, 1) = Kr'7 u(r, 1),
where 1
(pn —2n+2)*\7? _ pn=2) _  paw
K=|—7—7F A= ———F=1 7 ,
P 2n—pn—2
and n € (0,2).



We now find a self-similar radially symmetric solution to (1.15) with —1 < m < 0 and use the
theorem to find a self-similar radially symmetric solution to (1.18) with 0 < p < 1.

That is, we seek u in the form,
u(x,t) = Mu(Lx,Tt). (1.19)
In particular, we want u of the form
u(x, 1) = Pv(xP). (1.20)
We find the constant 8 that makes all this work by first plugging this into (1.15). This gives
m%w*vuf)+ﬁﬂﬂ4mﬁ-vwxﬁ):;%ﬂW“%Aoﬂxxf) (1.21)
Then 8 must satisfy n8 — 1 = mnf + 2. Letting y = x#*, we can rewrite this as
WY+ V) -y = AG). (122)

Now, since we are seeking a radial solution, we can assume v(y) = w(|y|) for some function w :

R — R and we get (letting r = |y|)
/ 1 m\’’ n - 1 VA4
npw + prw’ = — | wW")" + —m")’|. (1.23)
m r
After multiplying through by '~!, we have

nwwwﬁw’:%wﬂwyﬂwnwwmq

% ((wm)'r”_l), .

= (Br'w)



Integrating, gives

(Br'w) = %(w’”)’r"‘l +a, (1.24)

for some constant, a. Since we are seeking any solution that is radially symmetric, we find the

solution corresponding to a = 0. And now we solve
1 mys n—1
Br'w = —w")'r" . (1.25)
m

That is,

W™ = mBrw.

We then compute (w™~!)’ by

-1 -1
WY = m = D2 = Ty = Ty (1.26)
mw mw
Plugging mBrw in for (w™)" gives
m—1ys m—1 my/
W)Y = ——W") = (m—-1)pr. (1.27)
mw
Again, we integrate to get
w" = (m - 1)§r2 +b, (1.28)

for some constant b. Recall that u(x,?) = w(|x#]). So undoing all the substitutions, gives our

solution:
1 Lm=1)
u(x,t) = " %m%zﬂ +b , (1.29)
where
1

Using the theorem and the solution above, we integrate with respect to 7, but first, we need to



convert from r to 7 and »n to 7. We have

) 1(p-2)
u(r. 1) = (%ﬂﬁﬁ + b) , (1.31)
So,
n-p 2 - 2_ bl n— n—pin—p 2n—pi—p 1/(P_2)
W, 1) = 1900 (( ‘2((” 11’;’ D) ptice ot | b) . (1.32)
p(p -
Using the theorem, we have
(7, 1) = Kr'v u(r, 1). (1.33)
That is,
A=l _n-p 2 - 2_ — pn — n—-pin—p 2n-pi-p Yp=2)
r(F, 1) = K75 (( DI IR DR b) , (1.34)
p(p -
o2\
where K = [0 =p" ™ (1.35)
(2 — pin — p)?

Finally, to get our solutions, we integrate

o (7w (2= p)2i— pii — p) s - 1/(p=2)
(7, 1) = Kt f xu-l(( ’2((” “ P) s o +b) dx.  (136)
a PP —

Thus, we have a solution to the very fast p-Laplacian (1.18) for0 < p < 1.
The case for p = 1 is addressed in [16] and [25]. In [25], we show that there is a connection
between the local median value property for a function u : R?> — R and viscosity solutions to the

I-Laplacian equation.

Definition 1.1. We say that a function u satisfies the local median value property if

u(x) = nla%cl(ia)ln{ u(s)} forx € Qandr < R(x), where R(x) > 0. (1.37)

10



We define viscosity solutions of the equation

Du
—Au=|DulV-|—|= 1.
1 = |Dul (IDul) 0 (1.38)

using the definition Juutinen, et. al. give in [19].

Definition 1.2. The continuous function & : QQ — R is a viscosity supersolution of (1.38) if and

only if
1. &t £ o0, and

2. whenever x; € Q and ¢ € C*(Q) satisfies

u(xo) = ¢(xo),
u(x) > ¢(x) for x # xo, (1.39)
V(xo) # 0

@ also satisfies —A;¢p(xg) > 0.

The continuous function u is a viscosity subsolution of (1.38) if and only if —i is a viscosity super-
solution of (1.38). And, u is 1-harmonic in the viscosity sense if u is both a viscosity subsolution

and a viscosity supersolution of (1.38).

Note: Our definition of a 1-harmonic function differs from the usual definition, in that, we
include the coefficient, [Du|. Since we only consider points x, € € so that |De(xg)| # 0, we see
that this definition is equivalent to the usual definition. Notice, if u is a viscosity supersolution

according to our definition, then we have

—|Dcp(x0)|div( De(x) ) > 0.

IDe(x0)

11



Since |Dg(xy)| # 0, we can divide it out to get

—div (M) > 0.
IDp(x0)l

which gives us that u is a viscosity supersolution in the usual sense. Conversely, if u is a viscosity
supersolution in the usual sense, then multiplying by |D¢| in the inequality above does not change
the direction of the inequality. Thus, u is a viscosity supersolution in the sense of our definition.
Similarly, u is a viscosity subsolution according to our definition if and only if u is a viscosity
subsolution in the usual sense. Thus, a function is 1-Harmonic according to our definition if and
only if u satisfies the usual definition of 1-Harmonic, in the viscosity sense.

Now, I can state our main theorem in [25].

Theorem 1.4. A function u satisfying the local medium value property, (1.37), is 1-harmonic in

the viscosity sense.

1.2 Outline of This Work

In this work, we explore the relationship between Equations (1.2) and (1.3). In Chapter 2, we find
and characterize the set of minimizers for (1.2) and a S-regularized version of (1.2). We show that
minimizers are the set of step functions. We also show that this set is convex and neither open nor
closed.

To discuss (1.3), we recognize that the singularity poses a difficulty in solving (1.3). We know
that in the case of functions defined on 1-dimensional domains, if we want u’(x) # 0, we are
looking for functions that are monotone. Though monotonicity for functions from R to R is familiar
in even the most elementary courses in mathematics, there are a variety of definitions in the case of
functions from R” to R. In Chapter 3 we review the definitions found in the literature and suggest
a new definition (with its variants) some of which are useful in discussing classical solutions to
(1.3). We give examples and discuss the relationship between these definitions and characterize

functions that are monotone according to our new definition.

12



In Chapter 4, we discuss standard techniques for solving problems similar to (1.3). We discuss
the difficulties in using these techniques. We discuss the differences between stationary solutions
of (1.3) and minimizers of (1.2), in particular, we recognize that a function whose graph is a line is
a stationary solution to the 1-dimensional (1.3), but it is not a minimizer of (1.2). We compute the
divergence in (1.3) to write the equation as the sum of well-known curvature expressions. We then
use this geometric understanding to find classical stationary solutions that satisfy certain mono-
tonicity properties. We then use these solutions to discuss some differences between stationary
solutions to (1.3) and minimizers of (1.2).

In Chapter 5, we write a discrete formulation for (1.9). We introduce finite hyperplane traversal
(ht) algorithms that find (local) minimizers for L!pTV for all A > 0 and for all 0 < p < 1. For
the algorithms solving the problems when A4 > 0, we also show convergence of these algorithms
to minimizers for p = 1 and local minimizers for 0 < p < 1, in only finitely many iterations.
We discuss time trials that suggest that the computational complexity for the L'T'V algorithm is
o(aN + M) a signal of length N with M initial flat places in our data. Finally, we show that this is
indeed true for binary signals.

In Chapter 6, we show examples denoising synthetic signals using our L'7V and L' pTV (for
0 < p < 1) ht algorithms. We verify that the results in denoising are indeed the results that we
expect to get when denoising using L'TV and L'pTV for 0 < p < 1. We also show that using
our L'TV hyperplane traversal algorithm, we can easily detect scales in signals without the need
to choose the particular A for which we would solve L!TV.

Finally, in Chapter 7, we summarize the findings of this work. We also discuss open ended

questions related to this work.

13



CHAPTER TWO

CHARACTERIZING 2 = 0 SOLUTIONS

In this chapter, we discuss the more general problem

min f|Vu|g dx, forO<p<l,
Q

ueB,(Q)

where

B,(Q) = {u € BV(Q) : H" ' (JaW)) < o}

and

Jaou) = {x € Q|u is discontinuous at x}

is the set of discontinuities of u. We define [Vulz as

\Vulg = (Vu)* +5)'?,  for g > 0.

2.1)

(2.2)

(2.3)

(2.4)

Notice that the § = 0 case is the one in which we are particularly interested. We begin by rec-

ognizing that this functional is nonconvex. This tells us that we cannot expect to find a unique

minimizer. In fact, we may have local as well as global minimizers. Indeed, our first two results

give us that the set of minimizers is the set of step functions, verifying that we do not have a unique

global minimizer [7].

14



2.1 Minimizers

Lemma 2.1. Given Q Cc R,u : Q — R,0 < p < 1,u € B1(Q), that is, u has only finitely many
Jjumps, then u is equal to a step function a.e. if and only if u is a minimizer of

min f|u’|§ dx (2.5)
Q

ueB(Q)

. /2
Proof. Since |u’| > 0, we have that [[ [} dx = [, (P +p?)" dx > |QJp". Let m € Z* and

define

m
it = Z QYo a.e.inQ,

i=1
a step function, where ; € R and €; are intervals (a;, a;;) such that [ JiL, Q; = Q. We claim that

min,, fg |M'|£ dx = |Q|BP. It suffices to show that fg Iﬁ’lg dx = |Q|BP. Indeed, let u;, be defined by

+ (i) — wa; — h)) (x — a;) + ii(a;) if x € (a; — h, ay)
up(x) = , Vi=1,...,m.

ii(x) otherwise

Up

ay ar as ay ds

Figure 2.1: uy,, piecewise linear approximating a step function.
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Then, u, — it as h — 0. Using Lebesgue Dominated Convergence, we have

m
~ . P . 7 |P
@ dx = Tim [ |u]) dx=1lim > f u|” dx
jg; B =0 Jo |ﬁ 10 £ Qi| |/a’

m—1 a; 1 p/2 aiv1—h
= lim [ f (ﬁ (ii(a;) — ii(a; — h))* + /32) dx + f B’ dx
ai—h ai

h—0 £
i=1

a?ﬂ
+ f BP dx
am-1

m—1
= lim Z‘ |17 (Gt = s = ) 4 )" 4 G@ier = = @B |+ (= )"

m—1
= Z(aiﬂ - Cli)ﬁp = |Q|,3p-

i=1

Thus, i is a minimizer of (2.5).

Conversely, suppose u is a minimizer of (2.5). Then, we have

flu’lg dx = |Q|B".
Q

Then,
f (@ +Bz)p/2 dx = [Q|p”.
o

Since (u')* + 82 > 82 and equality holds only when (1')> = 0 we get
W'|=0ae.inQ = u =0aeinQ.

Now, since u has only finitely many, say N, jumps (or points of discontinuity), we know that u is
continuous except on a finite set. Let u be continuous on Q = Q\ K, where |X| < co. We now

break Q into the intervals separated by the jumps in u: Q = |JY, Q. Then
N
W =00onQ, = wu=conQ;, = u= Zc,)(gi on Q.
i=1

Thus, u is equal to a step function a.e. in Q. m|

16



We now extend the previous result to a higher dimensional result. That is, that minimizers of

fg |[Vul? dx are functions of the form }\, a;xq, where Q; ¢ Q c R”.

Theorem 2.1. Given Q C R",u: Q - R,0 < p < 1,u € B,(Q) then there are @; € R, | JiL; Q; = Q
with 89 lipschitz H"1(0Q;) < o so that

u= Z axo, a.e. in (2.6)
i=1
if and only if u is a minimizer of
: P
uerg:gz) L |Vu|ﬁ dx 2.7)

. . . P2
Proof. First, notice that since fQ (IVuI2 + ﬁz) dx = fQ Vuly dx we have

h
f Vulf dx < Z limf f
Q iz 0 Jaaynaay Jo

Z }lin(l)ﬂn_l(aﬂi N OQR' Pla; — ayl” + BRI = BPIQI.
P

B

IA

a; — Qg
h

p
dtdo + f B dx
Q;

Thus,
f [Vuly dx = B7IQ].
Q,

1

And, so
P g, _ P gy _ _
LIVulﬁ dx = E] fg IVulﬁ dx =pF E] Q| = B719QY.

Now we prove the converse. We know that min fQ |Vu|;3,7 dx = BP|Q|. Thus |Vu| = 0 a.e. which

gives us that u is flat a.e.. Thus, we can find Q; € Q and @; € Rso thatu = )\ @;xq,- O

Theorem 2.1 gives us that the set of minimizers is
M= {u € B,(Q) : da; € R, Q; € Q,0Q; Lipschitz , H'(9Q;) < 0o so that u = Z a,)(gi}. (2.8)
i=1

Using what we just learned about M, we can now show that the set is convex.
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2.2 Characteristics of M

Lemma 2.2. The set of minimizers of (2.7) is convex.

Proof. Letu,v € M, thatis, da;, 8, Q;,I'; so that

mj

my
u= Z axa;, V= Zﬂer['
i=1 i=1

Then
m mi
au = Z(aai))(g,-, by = Z(bﬁi))(l‘,- eM.
i=1 i=1

Thus

mp+myp
au + by = Z YViXA;s
i=1

where yi,...,¥m = aay,...,acy,, and Yy, i1, ... Ym+m, = bB1, ..., 0By, and where Ay, ..., A, =
Qla cee le and Am1+1, v ’Aml+m2 = Fl, v arm1+mz-

So we have that au + bv € M. O

Now, we know that because we can approximate any continuous function by a step functions,
M is not a closed set. We show this more rigorously in the next two theorems. We also show that

this set is not open.
Theorem 2.2. (1-D) The set of minimizers, M, of (2.5) is neither open nor closed in B,(Q).

Proof. First, we show that M is not closed. We do this by considering the sequence, {u,} € M

given by the following pattern (see Figure 2.2)

0 xe[0,3)
uop(x) =

1 xeli 1]

18



0 xel0,5)

() =3 £ xelL, 2, j=1....27-1, n>0

1 xel[ZF 1]

on+l o

It is easily seen that u,, — x as n — oo, but u(x) = x is not a minimizer of (2.5) since

1 1 1 1
f W (D), dx = f (W +8)" dx = f (1+)" dx= 1+ >p = min f W'l dx.
0 0 0 0

ueB(10,1])

Thus, M is not closed.
Now, we need to show that M is not open. Suppose, to the contrary, that M is open. Letu € M
Then for every ball, B,, centered at u, B ¢ M. But, by the argument given in Lemma 2.1, above,

we can see that for 4 small, there is a u;, € B\ M, a contradiction. Thus, M is not open. O
Theorem 2.3. (2-D) The set of minimizers of (2.7) is neither open nor closed in B,(Q).

Proof. We first show that the set of minimizers is not open. Using the argument for 2.1, we see
that we can approximate a minimizer, u*, by continuous functions that have the same value as u*
on Q; \ N(0Q;), where N(0€);) is an € neighborhood of the boundary of the level set ;. On this
€ neighborhood, we use a linear approximation to approximate the jump between two level sets in
the direction that is normal to 0Q;.

To show that M is not closed, we consider the sequence of functions which are flat on concen-

tric rings, defined by (see Figure 2.3)
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uo(x)
|
|
1
1
2
u1(x)
I 1 - .
1
5+
1 1
1 3
4 4
| U (X)
211_1»7 -
271
l — n
2n 1 -
1
T —
| | | | | | | |
T T T T T T T 1
L 3 on+l_q
on+1 o+l Tonl

Figure 2.2: Sequence of step functions approaching a line.
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0 0S|x|<2,,%
N2 . . .
w(x) =1 (£) <<, j=1...2"-1, n>0.
2n+11
1 on+1 _|X|<1]

Clearly, this sequence of functions, u, : R> — R tends to u(x) = |x/> which is not a minimizer.

Thus, M is not closed. mi
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up(x)

=
=

uo(x)

_3 _1 1 3
4 4 4 4
uy(x)
— +— —
—— E —+ e —
16
1
-—_ 7  ——
1
E——
_5 -3 _1 1 i 3
8 8 8 8 8

Figure 2.3: Sequence of functions that are flat on concentric rings and tend to u(x) = |x|?
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2.3 Minimizer Summary

In this chapter, we recognize that the functional in

min fqul” dx forO<p<l1 (2.9)
Q

ueB, (Q)

is nonconvex. So, we cannot expect a unique minimizers. With that, we found that solutions of the
minimization problem are step functions. We showed that this set is convex and neither open nor

closed. Our plan is to compare these solutions to solutions of the p-Laplacian equation (1.12).
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CHAPTER THREE

MONOTONE FUNCTIONS IN HIGHER DIMENSIONS

In exploring (1.3), we look for stationary solutions. In the case when the domain is 1-dimensional,

we see that, for u to be a stationary solution, we must have
u' '\
(u_) =(1-pu”. 3.1

Clearly, any linear function u satisfies this condition. We know that the only strictly monotonic
stationary solutions to the 1-dimensional p-Laplacian equation are functions whose graphs are

lines. Indeed, if u is a monotone stationary solution to the 1-dimensional (1.3), then we get
0= (@) = (@) = p = Dy

Since u’ # 0 we get u”” = 0 thus, u(x) = ax + b for some a and b.

Notice, also. that if u : Q € R — R is a stationary solution to (1.3), we get
WPy’ =c = wisstrictly monotone = (W) '=c¢ = W =c = uislinear.

Above, we relax notation and allow the ¢ to change throughout. This tells us that if « is a stationary
solution to (1.3) then it is the affine function u(x) = ax+b. The next question is whether we can see
similar results for functions with higher dimensional domains. But, we need a notion of monotone
in higher dimensions. In this chapter, we take a detour to explore different definitions for monotone

in higher dimensions and introduce our own.
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3.1 Definitions and Examples

In [21], Lebesgue notes that on any interval in R a monotonic function f attains its maximum
and minimum at the endpoints of this interval. This is the motivation he uses to define monotonic
functions on an open bounded domain, Q C R?. His definition requires that these functions must
attain their maximum and minimum values on the boundaries of the closed subsets of Q2. We state

the definition found in [21] below.

Definition 3.1 (Lebesgue). Let Q2 be an open bounded domain. A continuous function f : Q C
R?2 — R is said to be Lebesgue monotone if for every closed domain, Q' C Q, f attains its

maximum, maxg f, and minimum, ming f, values on 9Q)’.

Remark 3.1. This definition tells us that a function f is Lebesgue monotone if and only if every

level set of f extends to the boundary.
Remark 3.2. Notice also that we can extend this definition to a function f : Q Cc R” — R.
We now give a couple of examples of functions that are Lebesgue monotonic.

Example 3.1. Since an n dimensional plane, f(x) = ¢’ x + xo, can only take on extreme values on

the boundary of any closed set in its domain, we know that it is Lebesgue Monotone.

Example 3.2. Let Q = R(x, L) be the square of side length L, centered at a point x € R”, for some
L > 0. Any nD function whose level sets are lines is Lebesgue monotone. That is, any function
of the form f(x,y) = f(y) is Lebesgue monotone. Even a function that is not monotone when
projected to its one dimensional domain is Lebesgue monotone, for example f(x,y) = x* — x (see
Figure 3.1). Because the function is constant in the y direction, we see that on the boundary of any
closed subset of Q, f must take on all the same values as it takes in the interior. Of course, the

choice of Q is somewhat arbitrary here (it need only be bounded).

We now move on to another definition given in [23]. Here Mostow, gives the following defini-

tion for monotone functions.
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Figure 3.1: An example of a function that is Lebesgue monotone even though projecting to its 1D
domain is not monotone.

Definition 3.2 (Mostow). Let Q be an open set in a locally connected topological space and let
f be a continuous function on Q. The function f is called Mostow monotone on € if for every

connected open subset U ¢ Q with U # U,

sup f(x) < sup f(y) and inf () 2 inf f().

xeU yedU

We see that if Q = R? then we can choose a closed disk, D, = D(0, r) centered at the origin
with radius r so that U = R?> \ D,. On U = 4D, a function, f, that is Mostow monotone must
obtain both its maximum and its minimum. But, we can let r ™ 0. In doing this, we see that the
maximum and minimum of f can be arbitrarily close. This tells us that if f is Mostow Monotone,
then it must be a constant function. In [23], Mostow states that one can adjust this definition by
requiring the function to take on its maximum or minimum on dU only for relatively compact open

sets.

Example 3.3. It is not true that Lebesgue monotone functions are Mostow monotone (even if
we follow the suggestion in [23] to adjust the definition of Mostow monotone). To see this, we

consider a function f : Q ¢ R? — R that is affine and has its gradient oriented along the domain
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as in Figure 3.2. Here f will have supremum and infimum that are not attained on the boundary of

the open set U.
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Figure 3.2: An example of a function that is Lebesgue monotone, but not Mostow monotone

Remark 3.3. Notice, if Q c R? is a bounded domain then any continuous, Mostow monotone
function is also Lebesgue monotone. This is true whether or not we are adjusting the definition as

suggested in [23].

Before giving the next definition, we give some notation for clarity. Let Q C R? be an open
domain, B(x, r) be the closed ball of radius r around the point x € Q, and S (x, r) be the boundary
of the ball, B(x, r). We say a function is L}OC(Q) if fu |u| dx < oo for every bounded set U C Q. For

comparison, we write the following definition for a less general function than what can be found

in [31].

Definition 3.3 (Vodopyanov, Goldstein). We say an L, . function, f : Q — R is Vodopyanov
Goldstein Monotone at a point x € Q if there exists 0 < r(x) < dist(x, 9Q) so that for almost all

r € [0, r(x)], the set

S B ) VRN F(S (x, )] N B(x, 7)
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has measure zero. A function is then said to be Vodopyanov-Goldstein monotone on a domain, €2

if it is Vodopyanov Goldstein monotone at each point x € Q.

Example 3.4. If we remove the continuity requirement for both Lebesgue and Mostow monotone
functions we can create a function that is Mostow monotone but not Vodopyanov-Goldstein mono-
tone. For the function in Figure 3.3, we see that any closed and bounded set must attain both the
maximum and minimum of f on its boundary, but if we take a ball, B that contains the set { f = 0},
we see that £(S) = {~1,1}. So, f~'(f(BNR\ £(S))) N B does not have measure zero. That is, f is

not Vodopyanov-Goldstein monotone.

T

\_/ __________________________

s

Figure 3.3: An example of a function satisfying all but continuity criteria for Mostow Monotone
and is not Vodopyanov-Goldstein monotone.

Example 3.5. Now, a function can be Vodopyhanov-Goldstein monotone, but not Lebesgue mono-
tone. An example of such a function is one in which f attains a minimum along a set, M, that
is long and narrow relative to the set € (see Figure 3.4). In this case, the boundary of any ball,
B(x,r) c Q, that is centered along this set must intersect the set, M thus attaining both its max-

imum and minimum on the boundary of the ball, but the function will not reach its minimum on
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the boundary of a closed set Q' such as the one in Figure 3.4.

Figure 3.4: The level sets of an example function that is Vodopyhanov-Goldstein monotone but
not Lebesgue monotone.

The next theorem shows that, for continuous functions, Lebesgue monotone functions are
Vodopyanov-Goldstein monotone.

Theorem 3.1. Let Q C R? be a bounded domain and let f : Q — R be continuous. Then f is

Vodopyanov-Goldstein monotone function if f is Lebesgue monotone.

Proof. Suppose f is Lebesgue monotone, then we know that for all closed sets Q" C €, f attains
its local extrema on 0€)'. In particular, if we let x € Q, we have that f attains its local extrema on

the boundary of B(x, r) for any r > 0. Let M and m be such that

M= sup f(y) and m= inf f(y).

YEB(x,r) YeB(x,r)

Then we know that f(B(x, r)) = (m, M) and f(S (x,r)) = [m, M]. So

R\ f(S(x, 7)) = (=o0,m) U (M, c0)

=  f(B(x,r)) N [(—oc0,m) U (M, )] = 0.

Thus,
FHf(B(x, 1) N [(—00,m) U (M, 0)]) = 0.
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So, the measure of the set

B(x,r) N [~ (f(B(x, 1)) N [(=00,m) U (M, )])
is zero. Thus, f is Vodopyanov Goldstein monotone at x. Since x was chosen arbitrarily, f is
Vodopyanov Goldstein monotone. m|

In [22], Manfredi gives a definition for weakly monotone functions.

Definition 3.4 (Manfredi). Let Q be an open set in R” and f : Q — R be a function in Wllo’f Q).
We say that u is weakly monotone if for every relatively compact subdomain Q" c Q and for every

pair of constants m < M such that
(m—f)" e WyP(Q) and (f - M)" € Wy(Q),

we have that

m< f(x) <M forae. xeQ'.

Manfredi also gives the following example of a function that is weakly monotone, but not

continuous (in this case at the origin).

Example 3.6 (Manfredi). Write z = re” for z € R?. Define u by

6 for0<6<n/2,

n/2 form/2 <0 <m,
f@)=
3n/2 -0 form<6<3m/2,

0 for3m/2 <6 <2n.

Because this function is not continuous, it does not satisfy the definition of Lebesgue or Mostow

montone. We expect that all the above types of monotone functions should be weakly monotone.
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Theorem 3.2. Let Q c R? be a bounded domain and u : Q — R, if u is Lebesgue monotone, then

u is weakly monotone.

Proof. Let ) c Q, then by Definition 3.1, u is continuous and u attains its maximum and minimum

on 0€). Let m, M be a pair so that
(m—u)*, (u— M)* € W, (Q). (3.2)
Since u is continuous so are (m — u)* and (u — M)*. Thus, (3.2) gives us that
m<u<M ondQ.

Thus, m < min,cq u(x) < u < maX,cq u(x) < M. Thus, u is weakly monotone. O

Remark 3.4. Using Theorem 3.2 and Remark 3.3, we see that a function that is Mostow Monotone
is also Weakly Monotone.
3.2 Normal Monotone, Cone Monotone, and K Monotone

In this section, we introduce a new definition of monotonicity which we call Cone monotone. We
will discuss some variants of this new definition that we call Normal monotone and K monotone.

We also characterize K monotone functions.

3.2.1 Cone Monotone

Motivated by the notion of monotone operators, we give a more general definition of monotonicity

for functions in 2 dimensions. But first, we define the partial ordering, <x on R

Definition 3.5. Given a convex cone, K ¢ R? and two points x,y € R2, we say that

x<gy if y—-xeKk. 3.3)
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Definition 3.6. We say a function f : Q C R? — R is cone monotone if at each x € Q there exists

a cone, K(x), so that

f(x) < f(y) whenever x <k ). (3.4

We say a function is K monotone if the the function is cone monotone with a fixed cone K.

Characterization of Cone Monotone

Here we first notice that a function that is K monotone cannot have any local extrema. This is

stated more precisely in the following

Theorem 3.3. Assume K is a convex cone with non-empty interior. If f is K monotone then there

is no compact connected set M so that f(M) is a local extremum.

Proof. Suppose to the contrary. That is, suppose that (M) is a local minimum and suppose f is
K monotone. Then we have for every point x € dM and every y € B.(x) \ M, that f(x) < f(y) (see
Figure 3.5).

Pick x € OM so that the set {y € M U B.(x)ly <x x} = 0, that is, we pick a point on the
boundary so that the negative cone, —K = {—x|x € K} does not intersect M near x. We know that if

yeB(x)\Mandy—x € —K then x —y € K so f(x) > f(). Thus, we have a contradiction. |

Remark 3.5. Theorem 3.3 and Remark 3.1 give us that a continuous K monotone function is also

Lebesgue monotone.

For the following discussion, we work in the graph space, R"*! of a K monotone function

f :R* = R. Assume a fixed closed, convex cone, K with non-empty interior. Set
K= KX(-,0] cR™!
K= —-Kx][0,00)cCR"!,

Let x denote the vector (xi, x, ..., X,,). We can translate these sections up to the graph of f so that
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Bao)

Figure 3.5: Cone monotone functions have no local extrema.
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it touches at the point (x, f(x)). In doing this we see that we have (see Figure 3.6)

K+ (x, £(x)) € (X, X )lXnss < F(2)}

K+ (x, f(x) C{(x, XD Xnr1 = f(0)}. (3.5)

Figure 3.6: Example of K + (x, f(x)) and K+(x, f(x)).

We can do this for each point (x, f(x)) on the graph of f. Thus, the boundary of the epigraph
and the boundary of the epograph are the same where we touch depif with a translated K and K.

So, we can take the union of all such points to get

cliepif) = |_J K+ (x, f(x))

xeR?

clepof) = | ) K + (x, f(x)). (3.6)

xeR”
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Care needs to be taken in the case when f has a jump discontinuity at x. Since for example, for an
upper semicontinuous function epif does not contain points along the vertical section, {(x, r)|r <

f(x)}, below the point (x, f(x)). Let

&= J K+ f). 3.7)

xeR”

Using a limiting argument we notice that indeed this vertical section is contained in &. If (x,r) €
{(x,r)|r < f(x)}, then we can find a sequence of points, {x;} C R" so that x, — x. Thus, for k large
enough, |(x, r) — (x,r)| is small. Thus, cl/(E) = cl(epif). A similar argument can be used to give
the second equation in (3.6) for f lower semicontinuous. Using these two results, we get that (3.6)

holds for any function f.

Figure 3.7: Rotating the graph of f so that the line segment from y to X becomes vertical

Picking ¥ € K so that Bs(¥) € K and rotating so that X becomes vertical (see Figure 3.7),
the piece of depif in any Bs(y), y € epif will be a Lipschitz graph with Lipschitz constant no
more than ([[%IP +62) /6. This implies that u(@epi f) < oo in any ball, that is, for y € depi,

u(depif N B(y, R)) < oo for any R.
Theorem 3.4. If f is K monotone and bounded, and K has non-empty interior then f € BV.

Proof. First, the slicing theorem from [20] gives us that

f " (Gepof), di < u(depof). (3.8)
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where (depof), = d{x[f(x) > t}. So we have that

foo(éepof), dt < oo. (3.9)

Using the coarea formula for BV functions from [15], we get that (3.9) implies that f € BV. O

Examples of Cone Monotone Functions

We now consider some examples of K monotone functions.
Suppose K is aray so that K has empty interior. Then for f to be K monotone all we need is for
J/ monotone on all lines parallel to K, that is monotone in the positive direction of K. Therefore, f

need not even be measurable.

Example 3.7. Let f(-,y) = rand(y), where rand(y) assigns a particular random number to each

value y. This function need not be measurable, but is K monotone with K = { la > 053.

Figure 3.8: An example of a K monotone function with K having nonempty interior.
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Example 3.8. An example of a K monotone function with the cone, K having nonempty interior
is a function that oscillates, but is sloped upward (see Figure 3.8). More specifically, the function
f(x,y) = sin(x) + x + y is K monotone. We can see this by noticing that f is increasing in the cone

K ={(vi,v2)lvi > 0,v, > O}

Remark 3.6. Notice in this example that f has oscillatory behavior. Yet, f is still cone monotone.
Notice also that if an oscillating function is tipped enough the result is K monotone. The more

tipped the more oscillations possible and still be able to maintain K monotonicity.

Example 3.9. Some cone monotone functions are monotone in no other sense. An example of
a function, f : R? — R, that is Cone monotone, but not Vodopyanov Goldstein monotone is a
paraboloid. At each point x, that is not the vertex of the paraboloid, we find the normal to the level
set {f = f(x)}. We see the half space determined by this normal is a cone in which f increases

from f(x). At the vertex of the paraboloid, we see that all of R? is the cone in which f increases.

Example 3.10. Not all Vodopyanov-Goldstein Monotone functions are cone monotone. An ex-
ample of a function that is Vodopyanov-Goldstein Monotone, but is not cone monotone can be
constructed with inspiration from Example 3.5. Level sets of this function are drawn in Figure 3.9.
Here we see that the darkest blue level (minimum) set turns too much to be Cone monotone. We
see this at the point y. At this point, there is no cone so that all points inside the cone have function

value larger than f(y) since any cone will cross the dark blue level set at another point.

Example 3.11. We can create a function, f that is Lebesgue Monotone, but is not Cone monotone.
In this case, we need a level set that turns too much, but the level sets extend to the boundary of
Q. We see such a function in Figure 3.10. Let dark blue represent a minimum. Then at the point y,
there is no cone that so that every point in the cone has function value larger than f(y) since every

cone will cross the dark blue level set.

Now if the domain has dimension higher than 2 and K is convex and has empty interior, but

is not just a ray, then we can look at slices of the domain (see Figure 3.11). We can see that on
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Figure 3.9: An example of a function that is Vodopyanov-Goldstein monotone, but is not Cone
monotone.

Figure 3.10: An example of a function that is Lebesgue monotone, but is not Cone monotone.
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each slice of the domain, the function still satisfies Theorems 3.3 and 3.4. But, we also see that
the behavior of the function from slice to slice is independent. This is the same behavior as we
see when the function is defined on a 2-dimensional domain and K is a ray. That is, from line to
line, the function behavior is independent (see Example 3.7). We can also see an example of the

extended cones for a K monotone function where K is a ray, in Figure 3.12.

Figure 3.11: Cones with empty interior in a 3D domain that are not just rays.

f(x))

Figure 3.12: The extended cones are shown pinching the graphs of the functions, shown in blue.
The key point is that the blue curve in each leaf of the foliation is independent of every other graph.
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If K is a closed half space then f has level sets that are hyperplanes parallel to K and f is one

dimensional monotone.

Construction of X monotone functions

Recall from (3.6) that if f is K monotone, we have

cliepif) = |_J(x, ) + K

xeR?

cl(epof) = U (x, f(x)) + K (3.10)

xeR”?

We can also construct a K monotone function by taking arbitrary unions of the sets (x, x,;1)+K.
By construction the boundary of this set is then the graph of the epigraph (and of the epograph) of

a K monotone function.

Bounds on TV Norm

In this section, we find a bound on the total variation of K monotone functions. To do this we use
the idea of a tipped graph introduced in Subsection 3.2.1.

Suppose f < C onR". Then f | BO.R)cre has a graph that is contained in B (O, VR? + C2) c R,
VIlxlP+62

Assuming that the tipped Lipschitz constant is L (s 5

), we get that the amount of depif| s

in B (O, VR? + C2) is bounded above by a(n) ( VR2 + Cz)n V1 + L2, where a(n) is the volume of
the n dimensional unit ball.
Using the coarea formula discussed above, we get an upper bound on the total variation of a

function that is K monotone as follows.

TVaor(f) = f \Vu| dx < u(depi(f(B(, R))) < a(n) ( VR + CZ)" V1 + 12 (3.11)

B(0,R)
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3.2.2 Normal Monotone

Motivated by the nondecreasing (or nonincreasing) behavior of monotone functions with domain
in R, we introduce a specific case of cone monotone. We consider a notion of monotonicity for
functions whose domain is in Q c R? by requiring that a monotone function be nondecreasing (or
nonincreasing) in a direction normal to the level sets of the function.

First, we introduce a few definitions.

Definition 3.7. We say that a vector v is tangent to a set X at a point x € X if there is a sequence

{x;} € X with x; — x and a sequence {#;} C R with 7, ~\, 0 so that

X — X

=, (3.12)

lim
k—o00 l‘k

The set of all tangents to the set X at the point x € X is the tangent cone and denote it by Tx(x).

Definition 3.8. We say that a vector n(x) is normal to a set X at a point x € X if for every vector

v € Tx(x) we have that n(x) - v < 0.

Definition 3.9. We say that a function f : R> — R is (strictly) Normal monotone if for every ¢ € R
and every x on the boundary of the level set { f = ¢} the 1-dimensional functions y — f(x + yn(x))

are (strictly) monotone for every vector, n(x), normal to the level set {f = c} at x.

Remark 3.7. The definition for normal monotone requires that the function be monotone along
the entire intersection of a one dimensional line and the the domain of f. In the case of cone
monotone, we require only monotonicity in the direction of the positive cone while in the case of
K monotone, the fact that we can look forwards and backwards to get non-decreasing and non-

increasing behavior follows from the invariance of K, not the definition of cone monotone.

Remark 3.8. A smooth function that is normal monotone is cone monotone for any cone valued

function K(x) C N(x) Vx.

We now explore this definition with a few examples.
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Example 3.12. One can easily verify that a function whose graph is a non-horizontal plane is
strictly normal monotone. This is desirable since a 1D function whose graph is a line is strictly

monotone (assuming it is not constant).

Example 3.13. A parabola is not monotone in 1D so neither should a paraboloid be normal mono-

tone. One can easily verify this to be the case.

Example 3.14. If we extend a nonmonotone 1D function to 2D, we should get a function that is
not normal monotone. An example of such a function is the function f(x,y) = x* — x. Notice, this

function is Lebesgue monotone, but neither K nor Normal monotone.

Example 3.15. In Figure 3.13, we show a function whose level sets are very oscillatory so that it

is not normal monotone, while still being K monotone.

Figure 3.13: An example of a function that is K monotone, but not Normal monotone.

Example 3.16. In Figure 3.14, we see that if Q is not convex, then we can construct a function that
is not K monotone, but is Normal monotone. In this example, the function increases in a counter
clockwise direction. This function is Normal monotone. We can see that it is not K monotone since
at the point x any direction pointing to the north and west of the level line is a direction of ascent.

But, at the point y, these directions are exactly the directions of descent. So the only cone of ascent
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at both x and y must be along the line parallel to their level curves. But, we see that at other points,
such as at z and w, we find the directions of ascent to be along the line containing these two points
which does not coincide with the directions of ascent for x and y. Thus, this function cannot be K

monotone.

- =1

Figure 3.14: An example of a function that is not K monotone, but is Normal monotone.

The next theorem tells us that a normal monotone function is also Lebesgue monotone.

Theorem 3.5. Let Q c R? be a bounded domain and let f : Q — R be a continuous, normal

monotone function then f is also Lebesgue monotone.

Proof. We prove the contrapositive. Suppose f is not Lebesgue Monotone. Then there exists a set

Q’ so that

B S0 < Inf 1)

We want to show that f is not normal monotone. Let us then define the nonempty set M C (Q')°

to be the set where f attains a local minimum, at every point in M. That is,
M = {x € Q/1f(x) = inf f(x)}.
xeQ)

Let (xo, y9) € OM and let n(xy, yo) be a normal at (xg, yo) to M. We know then that y — f((xo, yo) +

yn(xp, o)) 1s not monotone since f has a local minimum on M. Thus f is not normal monotone. O
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Remark 3.9. This theorem gives us that a function that is normal monotone is also weakly mono-

tone.

3.3 Monotone Summary

In this chapter we explored current and new definitions of monotone. For continuous functions, we
compared several definitions of monotonicity, in higher dimensions. How these sets of functions

are related is represented in the following Venn diagram.

Vodopyanov Goldstein
Ex. 3.5

Figure 3.15: Types of monotonicity in higher dimensions and how they compare for a continuous
function.

We also showed how to construct K monotone functions. We show that bounded K monotone

functions are BV and we find a bound on the total variation of these functions.
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CHAPTER FOUR

STATIONARY SOLUTIONS OF THE p-LAPLACIAN

4.1 The p-Laplacian and Its Difficulties When 0 < p < 1

A common approach to finding minimizers of (2.1), with = 0,

min fqulp dx forO<p<l, 4.1)
Q

ueB,(Q)

is to find solutions to the Euler-Lagrange equation. The idea is that we find stationary solutions
when its variation is zero. The solutions to the Euler-Lagrange equation are precisely those points
where the variation of the functional is zero. Here, we consider this approach and we compute the

Euler-Lagrange equation of

fL(Vu) alxzf‘|Vu|’7 dx. 4.2)
Q Q

So, for £(z) = |z|’, we get that the Euler-Lagrange equation is
0=-V-L(2). (4.3)

That is,
0 ==V (IVul"Vu) = A,u, (4.4)

the p-Laplacian. The difficulty in finding minimizers of (4.1) with this method is that (4.1) is
nonconvex and so the results from the Calculus of Variations do not guarantee that solutions to

(4.4) are minimizers of (2.1) (see [11, 12, 14]). With that in mind, we still proceed to find solutions
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to (4.4) as they are still stationary solutions to (4.1).

To solve this equation, we can seek stationary solutions to the p-Laplacian evolution equation
u, =V - (|Vul"Vu). (4.5)
Remark 4.1. We call (4.5) the p-Laplacian evolution equation, in the case 0 < p < 1, without the

factor p—ll as in [17].

We consider three types of solutions: viscosity, weak, and classical solutions. First, we define

classical solutions.

Definition 4.1. We say u is a classical solution to the p-Laplacian equation (4.4) if u € C*(Q) and

u satisfies (4.4).

In Section 4.3, we find families of classical solutions so we will save the discussion until then.

Viscosity solutions.

Definition 4.2. [10] We say that u : Q — (—o0, o] is a viscosity supersolution to the p-Laplacian

equation (4.4) if
1 u is lower semicontinuous,
1 u % oo, and

iii whenever xy € Q,¢ € C%(Q) are such that u(xy) = @(xo), u(x) > @(x) for x # x, and
Vo(xp) # 0 we have A,p(xp) > 0.
If instead of i. and iii., we have

i’ u is upper semicontinuous

iii’ whenever x; € Q, ¢ € C*(Q) are such that u(xy) = @(xo), u(x) < ¢(x) for x # xo and

Vo(xp) # 0 we have A,p(xp) < 0.,
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we call u a viscosity subsolution. And if both iii and iii” hold, then we call u a viscosity solution.

Here we consider functions ¢ € C?(Q2) that touch u at a point x, and are everywhere else less
than (or greater than) u. These functions also have a nonzero gradient at x,. If all of these functions
are then sub-(super-)solutions to (4.4), we say that u is a viscosity sub-(super-)solution of (4.4).

Notice that if we consider u : R — R to be an upper semicontinuous step function, then there
are no points, xy and no functions ¢ so that ¢(xy) = u(xg), |Ve(xp)| # 0 and ¢ stays below u every-
where else. In Figure 4.1, we see that if ¢ touches u at a point and is below u in a neighborhood

of this point, ¢’ = 0 at that point. So any upper semicontinuous step function u is a viscosity

Figure 4.1: Upper semicontinuous step functions are viscosity solutions to (4.4)

subsolution to any PDE. A similar argument says that any lower semicontinuous step function is a
viscosity supersolution to any PDE.
Notice that if we change the function # : R — R to be upper semicontinuous and piecewise

linear as in Figure 4.2, u is still a viscosity subsolution since at any point xy, if

¢ € C*(R), ¢(xo) = u(xp), and ¢’ (xg) # 0. (4.6)
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then (say u'(xp) > 0)

App(x0) = (I o)l ™' (x0) = (¢ (x0))) = P& (20))" ¢ (x0) < 0 4.7)

Again, we can use a similar argument for lower semicontinuous u that are piecewise linear to say

N\

X0

Figure 4.2: ¢ is a function satisfying ¢(xo) = u(xo), ¢(x) < u(x) if x # xo and A,¢(xp) < 0

they are super solutions of (4.4).

Now, if we make u continuous, we can find a function that is a subsolution, but is not a super-
solution. Consider u = —|x|]. We can find a function ¢ € C*(R) so that ¢(0) = u(0), ¢(x) > u(x)
for x # 0 and ¢’(0) # 0, but A,p(0) < 0 (see Figure 4.3). Notice that in a neighborhood of xo, u is
concave and therefore u” (xy) < O.

Notice if u is continuous but has any point, xj, of nondifferentiability then u is not a viscosity
solution because we can touch u at x, with a C? function, ¢ that curves toward u so that ¢’ has the
wrong sign as we did in Figure 4.3).

Now, we can try to create a pathological function u that is continuous and differentiable ev-
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/
\
Figure 4.3: u = —|x| is not a viscosity solution of (4.4)

erywhere, but not twice differentiable anywhere. This function can then possibly be a viscosity
solution to (4.4). But, ignoring any pathological examples, if we consider a continuous function u
that has any point x, where u’(xy) # 0 and u”(xy) > 0, we can then find a ¢ € C? with ¢(x) = u(xp)

and ¢ < u(x) for x # xo but has ¢”” > 0 (see Figure 4.4). This tells us that for u to be a viscosity

Figure 4.4: u is not a viscosity solution of (4.4) if at any point " exists and is not zero.

49



solution, wherever u” exists, it must be zero. That is, for u to be a viscosity solution, it must be
linear wherever u” exists. So any viscosity solutions # : R — R of (4.4) that are not pathological,
must be linear.

For functions u : R?> — R we recognize that because we do not have a maximum principle, it
does not make sense to talk about viscosity solutions. More exploration into obtaining a maximum

principle is necessary to proceed in this discussion, but that is not the goal of this work.

Weak solutions.

In the literature, we see energy methods used to discuss uniqueness of weak solutions to initial
value problems (see [14, 13]). Below we discuss the difficulties of such methods with this equation,

but first, we define weak solutions.

Definition 4.3. We say u is a weak solution to the p-Laplacian equation (4.4) if u € W'?(Q) and u

satisfies

f IVulP(Vu, Vo) dx =0, Vg € CT(Q), (4.8)
Q

ou ou

Fepr o 5) with all components p-

where we write Vu and mean distributional derivative Vu = (

summable.

We now attempt an energy method to explore the uniqueness of solutions to the initial value

problem
u; = Au(x), (x,1) € QX% (0, 00)
T (4.9)
u(x,0) = ug(x), xe Q.
Let u, it both be solutions to (1.3) and let w = u — ii. And, set
e(t) = f w? dx. (4.10)
Q
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Then we can differentiate with respect to ¢ to get

e'(r) = f2wtw dx. (4.11)
Q

Now, if w is also a solution to A,u = 0 with initial value w(x, 0) = 0, then we can write

e =2 f wV - (|VW|p_2VW) dx = —2f [Vw|? dx < 0. 4.12)
Q Q

And we would be able to conclude that e(f) < e(0) = 0 so w = 0, but because the p-Laplacian has
the extra coefficient |Vu|P~2, we cannot follow the steps in (4.12). So we are not able to use energy
methods.

Because p < 1, we are unable to get regularity results using the standard techniques (again,
see [14, 13]). We can see this because as [Vu| gets closer to 0, the coefficient |[Vu|’~2 tends toward
infinity. To deal with such singularities, it is typical to consider finding bounds on the weak form

of the equation. We consider

f IVulP~2(Vu, Vo) dx
Q

< f IVulP'\Vy| dx < C f \VulP~! dx, (4.13)
Q Q

where C = ||¢||». Notice, we cannot find an upper bound on this integral since the exponent p — 1
is negative. So, the integral may tend upward to infinity.

Because solutions will blow up whenever the domain contains a point where |Vu| = 0, we are
unable to get a maximum principle and therefore we are unable to get a Harnack inequality that
tells us that the values of # on a domain are comparable (see Chapter VII of [13]). So, in this work,

we take a more geometric approach to find classical solutions.
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4.2 Decomposition and Geometric Interpretation

In an attempt to find solutions to (4.4) we sought understanding of the geometry of A,u. In this
section, we describe the connection between A,u and curvature. We also explore the effects of

some example function in the evolution given by (4.5).

4.2.1 Curvature

We can see the relationship of the p-Laplacian to curvature by breaking it into two terms. We now

rewrite (4.4) as

Vu Vu Vu
0 = Au=V-|[Vu'— | = [Vul"'V - | == | + == V|Vul"!
ot (' " IVuI) v (Wul) e
1 Vu 5
= |VulP'v. Tl +(p = DIVulP2V(|Vu)) - Vu.
u

Factoring out |Vu|P~! and using the computation in Equation (A.39), we get

(4.14)

A% —-1vu® , Vv
0=|Vu|p_l [V( M) p u D2 u

Val) " Vul Vel Val|”

Curvature of level sets.

The first term is the curvature of the level sets, call this curvature ;. Indeed, we know that the

unit normal to a level set is given by
_ Vu
Vul’

We find the curvature of the level set by finding how these unit normals diverge as we trace along

the level set. That 1s, have

Vu
,=V-N=V.——
. Vul

Thus, we conclude that the first term is k.
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Curvature in the direction of the gradient.

The second term is related to the curvature of u in the direction of Vu, call this curvature «,. To
verify, we compute this curvature. We know that the curvature along some curve measures how
the unit tangent 7' changes as we trace along that curve. Let @ € R" and let us define, as in figure
4.5, the line, a(¢) in R” passing through « parallel to the gradient of u, the curve, 5(¢), in the graph

space of u, and the unit tangent, 7'(¢) along this curve,

AN = maest+ ao, (4.15)
B = (a(t), u(a(1))), (4.16)
T(r) = AU (4.17)

18" @)l

To find the curvature of 5(¢), we differentiate (4.17):

(x, y, u(x,y))

B(1) = (a(1), u(a(r)))

(@0, u(ao))

Vu(ay)
[Vu(ao)|

a(t) = r+ ap

‘ u(a@o)
ay [Vulao)

Figure 4.5: Curvature in the direction of the gradient.
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B OB =B OB @) _ (4.18)

T () =
® B (P

We want to find the rate at which the tangent vector changes, at the point (g, u(a@y)), so we seek
% (we divide by |8'(¢)| to remove the change due to the speed of the parameterization). To

compute this, we differentiate equations (4.15) and (4.16),

’ _ Vu(ayp)
a'(r) = Natao)”

B = (@), Vula®)- 1)

( Vu(ao) Vu(a(t)) . Nu(ao) ) ,

[Vu(ao)l” [Vu(ao)l

Thus,

, 5 N 172
B'(0) = (IVu(ao)? + (Vu(e(®)) - Vu(ao))?) (4.19)

[Vu(ao)|

Differentiating (4.19) gives

1 Vu(a(t)) - Vu(ag)D*u(a(t)) Vu(ay)
[Vu(ao)l ((Vu(ao)l* + (Vu(a(?)) - Vu(ap))»)'?

B =

Finally, we also compute the second derivative of S to get

) Vl/t(a’()) T 2 VM(QO) )
=10, D .
A ( V@) 2 O e

Evaluating each of the above at ¢ = 0 gives

BO0) = (Fuo |Vu(ap)),

BOI= (1+Vu@ol)”

u(ao)

Vuao) ", Vu(a) )
' [Vu(ao) Vu(ao)l)

_  D’u(a)Vu(ag) _
BO)) = Zuetum () = (0
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Putting these into (4.18), we get

o= |VM16Y0)|2)3/2 |§Z§ZZZ|TDZ”(“°)|§ZEZZ;| (Vu(@o), D).
The norm of this vector is
,
0= e P > Fata
So, we have the curvature:
. 'O _ 1 Vu(ay) TDzu(on) Viulao)
BO) 1+ [Vu(ao)l?)*’? [Vulao)| V(o)

Thus, we see that the second term is a multiple of k,. It should be noted that the coeflicients of
both terms depend on Vu. We can now say that equation (4.14) describes motion by curvature.

Rewriting (4.14) in terms of k, and k¢, gives
-1 -2 2)3/?
u, = [Vl ks + (p = DIVUP? (1+ Vul?) ™ &, (4.20)

Notice that if u* is a stationary solution to (4.20), then we can write

Kes _ (L=pIVuP2A +[Va Py (1+ p)(A + Va1

4.21
Kg |Vigs|p-! V| “.21)
This tells us that k;, is much larger than «,. Indeed we have
) (1 + p)|Vu*)® as|Vu'| = oo
Kes p (4.22)
Ke Eurd as [Vu'| - 0

|Vu*|
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4.2.2 Curvature Computation Examples

We can see that, for certain functions, the terms of (4.14) have opposite signs while for other
functions, these terms will have the same sign. I now explore examples to understand when there
is competition between these terms. In the second term, there is a coeflicient that also competes

with the rest of the term. That is, the coeflicient, ﬁ could be large when Vu! D?uVu is small.

Example 4.1. As a first example, we consider the radial function ug(x, y) = e~ /77" = ¢/,

We find that
2r )’ 272 1 (2r e\
Ayt = (_ze_r o ) ((P - 1)(_2 - 1) - 1) =—-— (—e rle ) [2(1 - p)rt+ o-zp] .
o o

We see that this is negative everywhere away from the origin. This function is not a stationary
solution and will begin to flatten in the evolution. It flattens everywhere because u; < 0, that means

that at the first iteration, u(x) decreases.

Now, we consider an example where the level sets are straight lines, thus curvature of level sets
kes = 0. We are interested in how the second term involving «, contributes to the evolution. We see

that steepening happens where the function is already steepest.

Example 4.2. Next, we consider the function
u(x,y) = arctan(x).

With this function, we never have |Vu| = 0. Indeed, we see that

Vu = ., |Vu| = .
“ IVud 1+ x2
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Computing the hessian, we find that

Dy = _<1+2f2>2 0
0 0

We then put these into the left hand side of (4.14) to get

T
1 1 (1:3526)2 1
Apu=(1+x)"70 +x)'V - +(p = D1 +x2)*P
0 0 0 0J{o

=(p—- DA+ x> =2(1 — p)x(1 + x*)7.

We see that this tells us that for x > 0, u, = A,u > 0 and for x < 0, u, < 0. This means that u

steepens at the origin and flattens everywhere else. A small step produces the function (see Figure
4.6)

u(x,y) = up(x,y) + 0A,u(x,y) = arctan(x) + 26(1 — p)x(1 + xz)_”,
where 6 > 0 is a small number.

In the curvature computations above, we see that we can get competition between terms when
both curvatures are positive or both are negative. As a simple example, we consider one where the
curvature, K, # 0 is constant on each level set. that is, we consider a function whose level sets are

circles.
Example 4.3. We consider the paraboloid
uo(x,y) = X* +y°
For now, let’s assume (x,y) # (0,0). We compute the first term, x;:
Vu

[Vul~'v - (ﬁ) =271 + yP) PP,
u
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(a.) (b.)
2 T H
15 15
1t 1
05t 4 nst
0 0
05t 4 05t
s 1
1.9 1.5
2 L -2
2 15 1 05 i 0s 1 15 2 -2 15 1 05 i 0s 1 15 2
(c.) (d.)

Figure 4.6: (a.) up = arctan(x) (blue) and u = uy + 6A,u(x,y) (red), (b.) A level curve, at level 1,
for each of uy (blue) and uy + A ,uy (red), (c.) level curves of u, and (d.) level curves of ug +0A ,ug
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Now, the second term from above is

Vu' , Vu
(p- 1)|V1/l|1’—2ﬁ DZMW — 2p—l(p _ 1)(x2 +y2)(p_2)/2

Putting these together, we rewrite (4.14) as
= 207 o+ )P

Everywhere away from the origin, this is positive, but it blows up at the origin. To try to understand

how the function u changes if we allow a small step according to u,, we compute
u(x,y) = up(x,y) + 6A,u(x,y) = 2 + y + 207 6p(x + yH P,

where 6 > 0 is small. Figure 4.7 shows us the blow up at the origin, but it also shows us that at

r = 1, the function does not change while everywhere else uy + A,ug > up.

Now we consider the case when |Vu| = 0. We try a 8 regularization. As in Chapter 2, we define

|Vulg = Vu-Vu+p?, for S small

Using |Vulg, we define

Vu

Apgit =V - (IVuls™Vu) = (p - 2)|Vu|g_3VuTD2ulvulﬁ

+ [Vuly Au.
Replacing A, with A, 5 in Example 4.3 we compute A, su. For ug = x* + %, we have

Vul = (42 + 4 + ) .
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(c.) (d.)

Figure 4.7: (a.) up = x* + y* (blue) and u = ug + 6A,u(x,y) (red), (b.) A level curve, at level 2, for
each of ug (blue) and uy + 6A uy (red), (c.) level curves of ug, and (d.) level curves of ug + 6A,ug
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And, we have

Appu =(p—-2) (4x2 + 4y? +,82)(p_3)/2 (M) 44 (4x2 4 4y? +ﬂ2)(p_2)/2

(4)(2 +4y? +ﬂ2) 12

= (p-2) (a2 + 42 + )" (822 4 8y) 4 (42 4 dy? 4 7))

= (4X2 + 4y +,32)(p_4)/2 (8px2 +8py* + 4,82) .

At the point (0, 0), we have A, 5u(0,0,) = 48°7* — o0 as B\, 0. So, we still have blowup at (0, 0).

We now consider a more interesting function where both curvature terms are nonzero.

Example 4.4. We consider the function u(x,y) = arctan(x) + y*>. We begin computing as before.

Notice that |Vu| # 0.

- 1 12 T2 0
Vu = I+x , |Vul = ( 1 55 + 4y2) , D*u = (1+x%)
2y (1+x% 0 2

We now put these into Equation (4.14). The first term is

Vu —2x((1+x2) 2 +4y2 X _
Vu|V - (m) = (1 + )72 4 4y /2 (2D o 2 4 0((1+ 2072 + 4y?) - 8y?)

The second term is

_ (p—4)/2 —2x
(p-D(1+2572+4y) (m +8y2).

Putting these together gives

2x((1 +x*)72 + 4y2) N 2x(2 - p)

Apu = ((14x7) 2 +4y?) P72 ( T 1y

+2((1L+x) 2 +4yH) - 8(p - 2)y2)

We, again, want to see the effects on u. We look at u + 6A,u. Notice, in Figure 4.8, that after this
first step, the evolution introduces a point where |[Vu| = 0. Notice also that , like the paraboloid,

we see Uy + 0A,ug > U.

Here we see that the first term involving «,; seems to win when the terms compete.
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(c.) (d.)

Figure 4.8: (a.) uy = arctan(x) + y* (blue) and u = ug + 0A,u(x,y) (red), (b.) A level curve, at
level 1, for each of uq (blue) and uy + 6A,u (red), (c.) level curves of uy, and (d.) level curves of
up + 0A pUo
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It seems that where u is steep, Equation 4.14 will steepen u. This leads us to conjecture that
if a function is monotone, it will remain monotone in the evolution. We see this is the case for

functions defined on 1-dimensional domains.

4.3 Classical Solutions

In this section, we find families of classical stationary solutions to (4.5). Here it is worth noting
that if u is a minimizer for (2.1) then u is a step function, thus # ¢ C?*(Q) and is therefore not a
classical solution of (4.4).

For a function to be a stationary solution we need that u € C*(Q) and A,u = 0. That is, we

need

Vu 1-p
VulV-|— | = —=Vu' D*uv
v (wm) wap

4.3.1 1-dimensional classical solutions

In the 1-D case, this is the same as

Iu’l( ” ) = (1= pu” (4.23)
||

u/
fu'|

If |u’| # 0, then u must be monotone and so - = c¢. So, #”” must be zero, telling us that as long as u
is monotone, it cannot have any curvature. So, any linear function u satisfies this condition. Thus,
no polynomial function with degree higher than 1 will satisfy (4.23). Indeed, if u is a solution to

(4.23) with boundary conditions u(a) = A, u(b) = B, we get

)P = ¢ = uis strictly monotone = (@) '=c¢ = W' =c
B-A
= u(x) = - (x—a)+A. 4.24)

Above, we relax notation and allow the ¢ to change throughout. Further, Lemma 4.1 tells us that

these functions are not stable stationary solutions to (4.5). Notice that, even when QO C R, we do
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not get that a linear function is a minimizer of (2.1).

Lemma 4.1. u given in Equation (4.24) is an unstable stationary solution to the problem

— \p-2,,, !
= (W) (4.25)
ula)=A u) =B.

. ~ . .o b . . .
In particular, it is a maximizer of fa lu'(x)|P dx over all strictly monotonic C* functions.

B-A

= > 0. Let u(x) = i(x) + v(x) for v €

Proof. Without loss of generality, let us assume that
C?((a, b)) chosen so that ' > 0, v(x) # 0 for some x € (a,b), and v(a) = v(b) = 0. Our goal is
to show that, in the evolution, ¥ moves away from ii. That is, if u(x) > i(x), then u,(x) > 0 and if

u(x) < i(x), then u,(x) < 0. First, we compute u,

-2

- -1\’ —
= ) = (@) = (G5 ) ) =0 (5]

We now proceed by contradiction. That is, we assume ii is a stable stationary solution and we seek
a contradiction. Since i is stable, we know that if u < i then u, > 0 and if u > @ then u, < 0. That

is,

v(x) <0(@G.e. ux) <iax) = Vv/(x) <0(@.e. u > 0)
and
v(x) >0 (e ulx) > i(x) = Vvi(x) > 0(@a.e. u <0). (4.26)

Now, (4.26) is equivalent to

ulx) <ilx) = u(x) <0
and

u(x) > u(x) = u’(x) > 0. (4.27)
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Let,

x; =max{x: u(y) =ua(y) VyE€ la,x]} (4.28)

and let

Xy € (x1,b] Dbesuchthat wu(x;) =iu(x;) and wu(x) <ii(x) forall x € (x1,x). (4.29)

If x, exists, then we use that iz is a line and the Mean Value Theorem from Calculus to say that

i(xy) —(x;)) B-A

dc € (x;,x,) suchthat u'(c) = =
X2 — X1 b-a

=1i'(c).

But, since u”(x) < 0 for all x € (x, x»), u’'(x) < &’'(x) for all x € (x1, x,). But, ¢ € (x1, x,) gives us
that

iW()=u(c) <u'(x)) <i'(x).

But this cannot be. So, x, cannot exist.

Let
x3 € (x1,b] besuchthat u(x;)=1ii(x3) and wu(x)>@(x) forall x € (x1,x3). (4.30)

If x5 exists, we again, can use the fact that i is a line and the Mean Value Theorem, to say that

i(x3) —iu(x;)) _ B-A _ 7(0)

dc € (a,b) suchthat u'(c) = = =
X3 — X1 b—-a

But, since u”(x) > 0 for all x € (x, x3), ' (x) > @’'(x) for all x € (x1, x3), but ¢ € (x1, x2). So, we
have that

() =u'(c)>u'(x))>i(x)).

This cannot be. So, x; cannot exist. But, this means that v = 0 on [a, b] which is a contradiction.

Thus, i cannot be stable. |
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In the above, we don’t allow |#'| = 0. But, we can consider a similar equation using a 3

regularization,
w = (W)WY (x1) €0, 11X [0, )
4.31)

u(a) =A,u(b) =B

where |u/| = (lu'|* + B*)'/* for some B > 0. If u is a stationary solution to (4.31), then

0=y = W w=c = uw=dul;” = u'=c = uislinear.
Again, in the above, we let ¢ change from step to step. The only difference we find in this is that &’

can be zero in the S regularized equation. This means we can allow the boundary conditions with

A = B whereas in the previous case (8 = 0), we cannot.

4.3.2 Higher dimensional classical solutions

To find stationary solutions with higher dimensional domain, I begin by considering what happens
when one of the two curvatures discussed in Section 4.2 is zero. We consider strictly Normal
monotone functions, u € C*(Q), so that |Vu(x)| # 0 for x in some open bounded set Q.

Notice that if V - (Ig—zl) = (0, the level sets of u are minimal surfaces (see [14, 27]). This means
that for u : R*> — R, the level sets of u are lines. We saw above that # : R — R is a monotone
stationary solution to the 1-dimensional p-Laplacian if and only if the graph of u is a line. This
result doesn’t extend to higher dimensions because, even though it is easy to verify that an affine
function is a stationary solution to (1.3), there are other functions whose level sets are lines.

We saw above in Example 4.3 that not a paraboloid is not a stationary solution, so we check
to see if there exists a radial stationary solution. We begin by considering a function, u = u(r),

with domain Q C R? so that u is strictly Normal monotone on Q and so that ’ is nonzero in Q and

u'(r) > 0. Converting (1.3) to polar coordinates (see Appendix A), we get that # must satisfy the
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ordinary differential equation
1 p-1

rouw(r)

u”(r)=0. (4.32)

Rearranging this equation, we get that u must satisfy

YO L - () = 0. (4.33)
,
Thus, u(r) = ar™ + b, for some constants a, b € R and for m = f:—ﬁ (See Figure 4.9). That is,
u(x,y) = a(x> +y) PP 4 p, (4.34)

Notice that if u’(r) < 0, we get a similar result. Notice that the gradient of u points away from the

Figure 4.9: Radial solution, u(r) = v for the p-Laplacian where p = 4.

origin. We also see that as long as we choose €2 so that the convex hull of Q does not include the
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origin, these functions are strictly Normal monotone.
Inspired by finding a radial solution, we consider looking for a polar solution. That is, we find

a family of functions of the form u = u(6) 0 < 6 < x. In this case, we find, using Equation (A.23)

U, 0
Vo1 = = (4.35)
Litg Lu'(6)
Vrgu 0 ( V,gu )
—— = o | ==——]=0 (4.36)
Veeul | "IVl
Thus, u must satisfy
Vo' D}uV,gu=0 = u"(6)=0. (4.37)

That is, u(6) = a6 + b for some constants a, b € R.
Now, we look to extend this to higher dimensions. We consider a function # : R — R in
n-dimensional spherical coordinates (r, 6, 6,,...6,_1) so that u = u(r). Then we compute V - (ﬁ)

[Vul

for u’(r) > 0.

Vu 1 0 n—1
V. = — (hahz - hy) = : 4.38
(qul) -y o 2P ) = (4.38)

where h; are the scale factors computed in Equation (A.25). Thus,

~1 p-1
T P20 = u() = e, (4.39)
r u'(r)

where m; = %
First, we begin by finding the azimuthal solution, u = u(6,-1). We compute V - (lg—zl) for

u'(6,-1) > 0 to get

Vu 1 0
V- = hihshs -+ h,_1) = 0. 4.40
(|Vu|) hth"'hnagn—l( 1hahs 1) (4.40)

Thus,

u’@,-1)=0 = u,.1)=ab,_ +b. (4.41)
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We have already seen an example of such a function in Chapter 3. We show this example again in

Figure 4.10. As we said in Example 3.16, the function in Figure 4.10 is Normal monotone.

Figure 4.10: An azimuthal stationary solution to the p-Laplacian evolution equation.

Ifu=u@;),1>j<n-1,wehave

Vu 1 0
V.- = —(hy--hiyhiy - h,
(qul) hl---hnaej( v by )

1 0 o . e e .
= —(r”_2 sin" 3@, ---sin"/ lé’j_l sin"™/ 19j~-sm0n_2)
n—1 qin—2 : 00
rlsin" <6, ---sinf,_, 06;

T i : 1 ————((n—j— 1)sin" /7?0, cos6)) = (n‘—j— 1)‘00t9j
rsing - --sinf;_; sin"’" 6, rsin@) ---sinf,_,
n—j—1

= ————cotb;.

3 J

The second term of (4.14) for this u is

p—1
|Vr91...en,lu|3

T p— 1 ’”
(Veor..001) Hrgy.6,,uV0,..6, U = hju’(Hj)u (@)).
Thus, u satisfies

—i-1
% cot 6,u'(8)) + " (8)) = 0.

We solve this equation to get
0
u(®;) = cf sin™ 0 dé,
o

n—j—1
1-p

where m; =
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(4.43)

(4.44)

(4.45)

and c, ¢y are arbitrary constants. Notice that these solutions are also strictly



Normal monotone as long as the domain Q does not include the polar axis associated to 6;.
We now consider an even more general setting. We consider the orthogonal coordinate system
(g, ¢% ...,q"). We assume u = u(q') for some 1 < i < n. In this case, we write the terms of (4.14)

after converting to this orthogonal coordinate system. The first term is

V 1 nlU 1 6
Vo o | =42 |= — (I h;) . 4.46
q'...q (lvql.“q"l) H;%:lhj aql ( J# ]) ( )

The second term is

p—1
|Vqlmqnu|3

T pP— 1 1o
(vqln_qnu) Hy o)V gpu = Pk q). (4.47)

Putting these together, we see that for there to be a solution of the form u = u(q'), u must satisfy

1 0 p—1 .
— (k) + —u"'(¢q") = 0. (4.48)
H’}zlh/aq’( )+ ey

But this is not possible if we cannot remove the dependence on ¢*, k # i in IT%_,h;. If this depen-

dence does not exist or if we can eliminate it then we can write the solution as

‘ ¢ 1
u(q') = cf exp (EA(q)) dq, (4.49)

Lo

where A(q') is any antiderivative of W og

dq' for H =11 j#ihj and ¢, cq are arbitrary constants.

Remark 4.2. It’s worth noting that other than the spherical coordinate system, the other common
orthogonal coordinate systems (i.e., parabolic, paraboloidal, elliptic,...) do not give us any new

solutions of the form u = u(u').

Notice that (4.4) is nonlinear so it is unlikely that if v and w are two solutions to (4.4) that

u = v+ w would be also. We verify that this is not the case for two solutions from above. Let

2-p
1,

w(r) = cr™ and v(6) = a6 + b. We will show that u = w + v is not a solution ot (4.4). First we
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compute the gradient of u

Vu

So,

The hessian is

So,

2P 1/(-p) 172

2 2
= ' = |Vu| = (62 (—_ p) ra=r 4 a_]
l-p

72

SR

2 ) -1/2
v.(2e) - 12 2P 2 (2P a0en &
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Putting these together gives

2 3p-1
2—
aZC(—p) L ri-r
1-p 1-p

Apu = 5 3 ) 32
(Cz(]—_P) 200-p) 4 a_z)
- 2

(4.50)

4.51)

(4.52)

(4.53)

(4.54)

which is nonzero (except, of course, when a = 0). Thus, u is not a solution. This tells us that the

set of stationary solutions is nonconvex.

4.4 Stationary Solution Summary

In this chapter, we looked for stationary solutions to the p-Laplacian evolution equations which

is the Euler-Lagrange equation for fg |[Vul”. Even though the functional is nonconvex we still

71



search for stationary solutions of its Euler-Lagrange equation to compare with the minimizers of
p-variation. We know that solutions to the p-Laplacian cannot be step functions, but seek out other
stationary solutions.

We addressed the issues that occur because the p-Laplacian, A,u = 0 for 0 < p < 1, 1is
singular. We also recognize that since classical solutions require a function to be C2, none of our
classical solutions are step functions, that is, none are minimizers to the p-variation problem. To
find classical solutions, we break this equation into the sum of two curvature expressions, ks and
Kq:

0 = [Vul" ey + (p = DIVl (1 + [VuP) " . (4.55)

Using the curvature interpretation of this equation, we seek out solutions that are classical solutions
to the p-Laplacian for O < p < 1. We found families of classical solutions. In particular, we have

the following families of stationary solutions

e Affine family: For x € R", u(x) = a - x + b, where a € R", b € R are constants.
And in n dimensional spherical coordinates (r, 6, . ..,0,-1)

e Radial family: u(r) = ar” + b, where m = 1,

n—j—1
p-1

e Polar family: u(6;) = a fbgj csc™ 6 df, where m; = ,where 1 < j<n-2and

e Azimuthal family: u(6,-;) = af,-, + b.

We also found that similar techniques, to those we employed here, to find classical stationary
solutions cannot work in the most common orthogonal coordinate systems.

We would still like to find or show no maximum principle can be obtained for the p-Laplacian
and the corresponding evolution equation. With this, we would be able to give a more complete
discussion of viscosity solutions as they relate to these equations.

In 1-dimensional examples, we have seen that monotone functions stay monotone in the evo-

lution given by the p-Laplacian evolution equation. We conjecture that a similar result is true
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about Normal monotone functions in higher dimensions. We would like to determine the notions
of monotonicity in higher dimensions for which this is true. That is, we would like to determine

for which notion(s) of monotonicity will a function remain monotone in the evolution.
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CHAPTER FIVE

ALGORITHMS FOR 1-DIMENSIONAL L' pTV MINIMIZATION

In this chapter, we introduce a discrete formulation for L' pT'V, that is, the g = 1 case of (1.4):

min fqul”dx+/lf|f—u| dx, forO<p<I. 5.1
Q Q

ueB,(Q)

We introduce algorithms that find minimizers for (5.1) for the cases p = 1, p < 1, and 4 =
0. We give a more efficient version of the L'TV algorithm (that is, for the p = 1) that gives
solutions for all A thereby giving us a fast algorithm to compute scale signatures for 1-dimensional
signals. This version of our algorithm not only finds all solutions, but it finds them all with only the
computational cost of solving the problem for one value of A because it picks up the solutions for
each A at each of the iterations. We generalize the more efficient algorithm to find local minimizers

for L'pTV, p < 1.

5.1 Discrete L'pTV

In this section, I give a discrete formulation for (5.1). I then discuss the motivations behind the

casesp=1,p<1l,and 1 = 0.
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5.1.1 Discretization

To write a discrete formulation of (5.1) we begin with the idea of computing (5.1) for functions

u: Q c R — R that are piecewise linear. We can then define the minimum (with Q = (a, b)) to be

m—1

b Wipp — u;|P A
. . 1+ l
mlnf P + Alf — ul dx = min| > (i1 = X) + 5 > 1fi = il = xi01)

uef J, uef P Xit1 — X; 2 P

m—1 1 m

. 1-
= min Z i1 — wil” (xip —x)7F + = Z |fi — wil(xis1 — x0) |, (5.2)
er i 245

where 4 > 0,a = x; < x; < ... < x, = b is a fixed partition of Q and

F = {u Q->R:ueCQ),u= Z LiX1x.x.,;1» Where L; are linear, u(x;) = 5, u(xi+1) = ﬁ,-+1}.
i=0

Here, we use that on each piece, u is linear so we replace in the interval (x;, x;.1), #" with the slope

of u on this interval:

w =4 (5.3)

Xi+1 — Xi

The x dependence in the fidelity term depends on the length of the partition intervals. Instead of
using x;1; — x;, we use the distance from the midpoints of (x;_, x;) and (x;, x;11). We choose this

because the partition is not necessarily regular.

5.2 L'TV in 1-Dimension

In this section, we discuss the discrete version of L'TV:

minf |Vul + A|f — ul dx. 5.4)
Q

We introduce algorithms that find minimizers of the discrete problem. In [30], the authors show
that L' TV is useful in picking out scale information from data. So, we use these algorithms to find

scale information for 1-dimensional signals. We also prove that our algorithm will indeed find the
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minimizer of the discretized problem. Inspired by a part of this proof, we create a new version of
this algorithm which is more efficient and solves the discretized problem for all 4 > 0 with the

computational cost of solving only the A = 0 problem.

5.2.1 Discrete Formulation of L'7V

Using the formulation in Equation (5.2) on a fixed regular partition, we define the discrete L'TV
formulation as follows. Since p = 1, we no longer have an x dependence in the first sum. It makes

sense to remove the x dependence in the second sum because the partition is regular and fixed.

Thus, we get
m—1 m
Gty g,y t) = Y iy =il + A" | = wil, (5.5)
i=1 i=1
where u; = @, u,, = 8 are the boundary values and f = (fi,..., f,) is the given data.

Notice that F' is nonsmooth at any point in in the following two sets
S, ={u=y,...,uy): u; =uy,, forsomei=1..m} (5.6)

and

Spi={u=u,u,...,uy,) : u; = f;, forsomei=1,..,mj}. 5.7

5.2.2 Properties of the Discrete of L!TV Function

Here, we show some properties of G to show that it indeed has minimizers. Notice that, to show G
has a minimizer, it suffices to show that G is convex, bounded below, and coercive. We begin with

this result in the following lemma.
Lemma 5.1. G is bounded below, convex, and coercive in that as |u| — oo G — oo.

Proof. G is bounded below by zero. To show G is convex, we let 0 < o < 1 and we show that
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G(ou+ (1 - o0)it) < oG(u) + (1 — 0)G(it). Indeed

Glou+ (I -oi) = X jeeloui + (1 = o)ty = (ou; + (1 = o)iij)| + A 2 | fi = (ou; + (1 — 0)iay)|

2ijeelo@ —up) + (1 — o) — ap| + A 3 lo(fi —w) + (1 — o)(fiiw;)|
O'(Z(i,j)eE lui —ujl + A2 1fi — Mi|) +(1-0) (Z(i,j)eE lit; — ;] + A X |1(fi — ﬁi)|)

= oG(u) + (1 —o)G()

IA

Finally, we notice that G(u) > A Y,,(lu; — fil) = A2;(lul = |fil) = oo as |u| = oo. Thus, G is

coercive. O
Now that we know G has a minimizer, we give the set of minimizers a name.

Definition 5.1. We define the set of global minimizers, M, for G, noting that this set depends on
the value 4 > 0,

M, ;= argminG.

We now follow up with some properties of M,. The following lemma follows from Lemma

5.1.
Lemma 5.2. M, is bounded.

Proof. This result follows from the coercivity of G. For otherwise, if M, was unbounded, then for
any « large, we could find a direction d and a point u so that u + ad € M, which contradicts the

coercivity condition. O
Lemma 5.3. M, is convex.

Proof. Let u*,v: € M, then G (u*) < G(u) for all u € R™ and G (v*) < G(u) for all u € R™. Using

convexity of G, we have, for0 <n <1,

Gu +(1 =) <nG W)+ -nw <nG) + (1 —n)Gu) = G(u), forallu € R™.
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Thus, nu* + (1 — n)v* € M,. O

We also know that, using Lemma 5.1, that no algorithm will get stuck at a local minimizer

because G has no local minimizers..

Lemma 5.4. If u is a local minimizer of G, then u € M,. That is, if u is a local minimizer, it is also

a global minimizer.
We now define the finite set in which we will find our minimizer.

Definition 5.2. Let G : R” — R be defined as in (5.5). Let Y be the set of points of intersections

of at least m hyperplanes of the form {«; = f;} and/or {u; = u;,1}.

We now proceed to show Y is finite and a minimizer of G is indeed in Y.

(EJ+m)!
(ED(m)!

Lemma 5.5. Let E = {(i, j)lu;, uj are neighbors} |Y| < < 00

Proof. First note that the number of hyperplanes of the form {u; = u; : (i, j) € E}is |E|. The number

of hyperplanes of the form {u; = f;} is m. Using the definition of Y, we can count all the possible

) ) | IEl+m ) |E| +m (Elem)!

intersections of m of these hyperplanes is . Thatis |Y]| < = (e (Here,
m m

the first is an inequality because we may have hyperplanes that are everywhere the same.) O

Remark 5.1. In the 1-dimensional case |E| = m — 1 so this is |Y] < ((nfﬁ_)};;,

Lemma 5.6. There is a minimizer of G, call it x*, in Y.

Proof. Let it be a minimizer of G and & ¢ Y. Suppose first that VG(ir) exists. Then VG(&r) =
0. But then because G is affine at points where it is differentiable, G is constant in the whole
region containing #& up to and including the bounding hyperplanes where G is nonsmooth. By the
coercivity condition, this region must be bounded. So, there is a point, x*, on the boundary of this
region that is in Y such that G(x*) = G(i&1) where G is given in (5.5).

Second, suppose that &t € H where H is the intersection of £ < m hyperplanes where G is

nonsmooth, then we consider the function G which is G restricted to . Then VG(#) exists and is
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zero. We can then use the same argument above to get that the set of minimizers includes a point

in?Y. O

5.2.3 Hyperplane Traversal Algorithm for L'TV

We now propose an algorithm that minimizes G (see (5.5)). Figure 5.1 shows the level lines of a

-

0sF 4

05 E

o
=]
W
=l
o
W
W
ra

Figure 5.1: Level lines for the function G(uy,u;) = |u, — uy| + |uy| + |1 — u,|, showing the affine
nature of the discrete formulation for L'TV

simple example of G with 4 = 1, f = (0,0, 1, 1) and uy, u3 fixed. We see the hyperplanes (lines)
where G is nonsmooth and the affine nature of G off these hyperplanes. We make use of this affine
structure and that the hyperplanes contain the minimizer of G to formulate the hyperplane traversal
(ht) algorithm. In the ht algorithm, we do a finite line search in an @-descent direction (Definition
5.3) d® by stepping to the closest point in S, U S;. We then recompute the a-descent direction in

the lower dimensional space to which we just stepped, and continue. Notice that at each iteration
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we step to a lower dimensional space which makes the computations easier the further we progress.
First, before giving the formal algorithm, we introduce some notation.

Let the coordinate directions, ¢; be defined as usual, that is

h

e, =(0,...,0,1,0,...,0), where the 1 is located in the it position.

Definition 5.3. We define an « direction to be a vector v so that

V= Z ae;,
i

where ¢; is the ith coordinate direction and «; € {—1,0, 1}. We say that v is an @ descent direction

for G at the point u if v is an @ direction and G(u + yv) < G(u) for all 0 < ¥ < y, for some y.

Algorithm 5.1. (L'TV)

Given f = (fi,..., fn);

Set u® = W, ... ul) = (fis- .. fu)s

Evaluate Gy = G(u(lo), . uf,?));

Setk <« 0,

do
Compute d® using Algorithm 5.2
Q) « argmin, {G(u(k) +ad®): u® + @d® e S, U Sf};
W Dy ® 4 g®-
k—k+1;

until d© # 0

Table 5.1: L!TV algorithm

As I stated above, motivating this algorithm is the structure of the function G. There are a finite
number of nonparallel hyperplanes on which G is nonsmooth and everywhere else G is affine. We
exploit the fact that a minimizer will be on the intersection of at least m of these hyperplanes. The
algorithm uses iterative line searches to step between intersections of these hyperplanes eventually
reaching the minimizer.

In words, the algorithm works as follows: Start at the point # = f. Check coordinate directions
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Algorithm 5.2. (Descent)

Given uy, ..., Uy,
i=1;

Evaluate Gy = Gu);
Setk «— 0,

while i <m

Inax = argmax {1 : u = u, Vi <h <i+1;

i+l max

V=L er

61 =G (b - )
—Gu® +@® —y® '

G2=G (” + (U 4 ui+lmax)v)’

ifGl <G

d® «— d® + sign(uglf)l - ugk))v;
elseif G2 < G

k 9 4 gion(u® ®©
d® — d® + Slg”(“i+zmax+1 - ui+lmax)v’
else
d® « 0;
end
i<—l.+lmax+1;
end

Table 5.2: @ Descent algorithm

and their opposites for descent. Sum all coordinate descent directions to get an a descent direction.
Do a finite line search in the @ descent direction to step to a hyperplane in S, or Sy. At step k, if
the algorithm steps to a point in Sy, repeat the above, if the algorithm steps to a point in S,, project
the algorithm to R, the space that is isomorphic to the intersections of the hyperplanes of the form
& _ &
= uj }

{u;

1

and repeat.

5.2.4 ht Algorithm Minimizes L' TV, Proof

Using Lemmas 5.1, 5.5, and 5.6, we know that G has a minimizer in the finite set Y. Below we
show that this algorithm finds a minimizer after finitely many iterations. To prove this, we show
that if there is a descent direction at a point u, then there exists also an a@-descent direction. We also
show that whenever there is an a-descent direction, the particular a-descent direction of Algorithm

5.1 exists also and at each of the iterations the algorithm gives strict descent. Next, we show that

81



the algorithm takes only finitely many steps to get from one point in Y to the next, keeping the
algorithm finite. Finally, we show that since Algorithm 5.1 starts at u® = f, the a directions

chosen by the algorithm are indeed a-descent directions.

Wherever descent exists, a-descent exists also.

In [9], the authors define the generalized gradient and generalized derivative which we use to

discuss descent directions for G.

Definition 5.4. We define the generalized gradient of a locally Lipschitz function g at a point u to
be
0g(x) =co {hm Ve(x;) : x; = x,Vg(x;) exists} . (5.8)

We define the generalized derivative, g°(u; v), of a function g at a point u in the direction v to be

gy +1tv) —g(y)

g (uyv) = lirfustl{% - (5.9)
where y € R™ and ¢ > 0.
We also take from [9] the following proposition
Proposition 5.1. Let g : X — R be Lipschitz near u. Then for every v € X, we have
J7(xv) = max{({,v) : £ € If (D)} (5.10)

Because in a neighborhood of each point u € R™, there are only finitely many Vg(y), the above

reduce to

¢
0g(u) = co{Vg(uy),...,Vg(up} = {aqu(ul) + ...+ a,Vg(up)la; > 0,i = 1.4, Z a;=13.
l (5.11)
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and

¢

g°(u;v) = max {a/lVg(ul) v+ +a,Veuy) - vie; = 0,i = 1.0, Zai = 1}.
(@1,....0¢) -

Let K(u) be the cone of descent directions for G at u. We now prove a more general statement

about functions that are continuous and piecewise affine.

Lemma 5.7. Let g : R" — R be a continuous, piecewise affine (with finitely many pieces) function

that is smooth on convex domains. If g°(u;v) < 0 then v is a descent direction.

Proof. Let u be a point so that Vg(u) does not exist. This means that u is on a section of the
boundary of £ domains where g is smooth. Because the domains where g is smooth are convex,
we can choose points, uy,...,u, one in each of these domains, so that g is linear along the line
segments connecting u# and u; and the using Definition 5.4 we have that if g°(u; v) < O then Vg(u;) -
v <0fori=1,..,¢ For otherwise if for some j, Vg(u;) - v > 0 then we could choose a; = 0 for
i# janda; = 1and g°(u;v) > 0. Let #p > 0 be small enough so that g is linear along the line u + v

for 0 <t < ty. Then, we know that

g(u;) — g(u) = g(u; + tv) — g(u + tv).

and so

gu+1v)—gu) = glu; +tv) — g(u;) = tVgu;) - v < 0.
Thus, v is a descent direction. O

We recall that G divides R™ into domains where G is linear in the interior of these domains and
G is nonsmooth on the boundary of these domains. Notice if R is one such domain, JR is contained
in the union of hyperplanes of the form {u; = u;} and/or {u; = f;} for some i, j.

Using Lemma 5.7, we prove in the next few lemmas that if at a point # on the boundary of one
of these regions there is a descent direction for G, then there is also an a-descent direction that

points in the lower dimensional space to which we have stepped.
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Lemma 5.8. As above, let K(u) be the cone of descent directions for G at u.
a. v € K(u) if and only if G°(u;v) < 0.
b. If v e 0K(u) then G(u + tv) = G(u) for all t > 0 small enough.

Proof.

a. First note that using Lemma 5.7 and since G is piecewise affine with finitely many pieces,
we get

G°(u;v) < 0= v e K(u).

So we need only show that

veEKu) = G (u;v) <O0.

Letv € K(u). Then G(u + tv) — G(u) < O for all # > 0 small enough. We also know that since
G is convex we have that G(u) — G(u — tv) < 0 for any ¢ > 0. Suppose that at u, u; # u; for
some i, j and u; # f; for some k, then we choose £ > 0 small enough so that for all it € B.(u),
i; # itj and it # fr. Lety € B.(u). Let R be a region as described above We now break this

argument into cases:

Case 1: Suppose u,u + tv,y,y + tv € OR . We know then that G is continuous and affine in

B.(u) N OR. So we know that G(y + tv) — G(y) < 0.

Case 2: Suppose u, u+tv € OR, but that y ¢ dR. Since G is affine in B.(u)NR, GOy+mv)-G(y) <
0.

Case 3: Suppose u,y € OR, but u + tv,y + tv ¢ OR, then using that G is affine in R, we see
that G(y + tv) — G(y) < O.

In each of the above cases, we see then that G°(u; v) < 0.
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B,(u) B.(u)
Case 1: u,u+tv,y,y+tv e oR Case 2: u,u+tve dRbuty ¢ OR.
R R
B,(u) B,(u)

Case3: u,y€e ORbutu +tv,y+tv¢ O0R Cased: uc ORbuty,u+tv,y+1tv¢ oR

R

_u+tv

w |

Case 5: u€ R\ OR

Figure 5.2: 1D examples for the cases of Lemma 5.8
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Case 4: Suppose u € OR, but u + tv,y ¢ OR. Then by convexity of G and that G is affine on

B,(u) N R, using case 3, we know that

Goy+tv)-GHy)=Gu)-Gu-1)<0. (5.12)

Case 5: Finally, suppose u# € R \ 0R, then G is smooth at u so G°(u;v) = VG(u) - v < 0.

b. Let v € dK(u) then we can construct a sequence {v;} C K(u) so that for vy — v. Then there is
a ko large enough so that for all k > ky, ||[v—v,|| < € for some € > 0. But G(u+tv;) —G(u) < 0
for all k since v, € K(u). G continuous gives us that G(u + tv) — G(u) < € for all € > 0. Thus
G(u+tv) — G(u) < 0. Butif G(u + tv) — G(u) < 0 then, by continuity, v € K(u). So, we have

Gu+mwv)—Gu)=0

Whenever a-descent exists, the a-direction of Algorithm 5.1 exists also.

Definition 5.5. Let £ ¢ R™. We define

n:P—->R" by nmu)=i,

to be the projection map that removes redundancy in u, where 7z < m. That is, if {«; = u;} is active
at u, then the ith or jth (whichever is larger) component is removed from u to get i and if {u; = f;}

is active at u, then the ith component of u is removed to get ii.
Note, this projection is invertible.

Example 5.1. For example, let # ¢ R* be the 2-dimensional subset given by

P = {(ur, up, u3, ug)luy = uy and uy = fu}. (5.13)
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We define 7 : # — R? by

m(uy, ur, us, fa) = (ur, u3). (5.14)

If we pick any point in R?, we can find its inverse projection in ? by

e ur, ) = (uy, wy, ua, fo). (5.15)
Lemma 5.9. Let u € OR where R is one of the regions described above. Let K(u) # 0. Then
N(u) N K(u) N OR has an a descent direction, where N (u) is some neighborhood of u.

Proof. We know that dR is contained in the union and intersection of some hyperplanes of the
form {u; = u;} and/or {u; = f;} for some i, j. By looking in N'(u) N K(u) N R we can restrict G to

points in the lower dimensional space, #, defined by the active hyperplanes at u. Let
G:R" >R

be defined by G(ii) = G(u), where 7~ (1) = u.
Then we see that VG(it) exists. Since G is affine in R we have that K(it) = {v : (v, VG(u)) < 0}
which is a half space and therefore contains an « direction, 7. We then have that v = 77!(¥) is an «

descent direction in P. O
Using the proof above, the following result holds immediately.
Scholium 5.1. v is an @ descent direction at u < m(v) is an a descent direction at 7(u).

Remark 5.2. The above lemma gives us that if at u® there is a descent direction for G then there

is also an « descent direction for G at u'®.

Lemma 5.10. Ifatii € R¢ an « descent direction, ¥, exists then there exists an « descent direction
of the form
b= > g, (5.16)
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where a; € {—1,0, 1}, é; are coordinate directions, and «;é; are descent directions whenever «; # 0.

Proof. We can let v = Zle @;€; where a; € {—1,0, 1} and &; are coordinate directions. Since G is

linear on R¢

¢ ¢
Gii+19) =G [u +1 Z aiéi] =G (Z(ma + ta/,-éi)]
¢
=G (Z n; (u + a,e,)] Z n; (u + a/le,) , (5.17)

i=1

where Zle n; = 1. Now, since ¥ is a descent direction, some of the terms, G (u + a, ,) < G(in).

For otherwise, if G (ﬁ + éaié,-) > G(it), we would have

4

G(u+tv)—Zn, (u+ ae)ZZn ) = G(ii). (5.18)
i=1

Let I = {i : G(i+ Lai&;) < G(@). Now, we know that G(ii + £%) < G(@) for all ¢ > 0 small

enough. Thus, G(it + fa;€;) < G(it) for 7 > 0 small enough and i € 7. So, ;¢ is a descent direction

whenever i € 7. So, we can create ¥, by choosing & in the following way

«; wheneverie I
Q; = . (5.19)

0 otherwise

Then .
b= e (5.20)
j=1
Then
G(@) > G(ii + V) = G(@t) + ti} G(a;,&) (5.21)
j=1
O

88



Algorithm 5.1 takes only finitely many steps to get back to Y

Lemma 5.11. Only finitely many steps of the algorithm are needed to get from one point in Y to

another.

Proof. Suppose u® ¢ Y, then k > 0 since u® = f € Y. Therefore VG(u®) does not exist because
the algorithm always steps to a point where G is nonsmooth. Therefore u® € H, where H is
an ¢ < m dimensional hyperplane formed from intersections of some of the £ — 1 hyperplanes of
the form {u; = u; : (i, j) € E} and or {u; = f;}. Note that £ > 1 since the algorithm stops when
¢ = 1. If u'® is not a minimizer there exists a descent direction for G at u®. Then there exists an
@ descent direction in H. The algorithm takes the step in this direction to get u**" which lies on
a hyperplane whose dimension is smaller than £. We can continue this process at most ¢ times to

land at a point u*” € Y. O

Algorithm 5.1 Convergence Theorem

Combining the above lemmas, we have that G has a minimizer in the finite set Y, that Algorithm
5.1 takes only finitely many steps to get from a point in Y back to another point in Y, if at u¥ G has
a descent direction, then the @-descent direction of the algorithm exists also. Finally, we showed
that the a-directions found by Algorithm (5.2) are indeed a-descent directions. One key piece to
this next theorem is to show that our idea of stepping to lower dimensional spaces does give strict

descent.

Theorem 5.1. Algorithm 5.1 converges to a minimum and is finite.

a-directions found in Algorithm 5.1 give strict descent.

Recall that in Algorithm 5.1, we step to hyperplanes where G is nonsmooth and then work within
this lower dimensional space defined by the hyperplanes to which we have previously stepped. We
use clusters to algorithmically define our lower dimensional space. Here we define the notion of a

cluster.
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Definition 5.6. Let C® = {01 =l<c<...<cyu<m: u(ck)_l + uEk)} be the set of indices so that

uy‘) = ui’f) for all ¢; < j < ¢4 — 1. Then we define a cluster, Cgk), to be the set of indices j so that

ug.k) has the same value as uf.'f), that is,
k . .
CE) :={j: forallc; < j<ciyy — 1}.

Notice, that a cluster will have size ICEk)I = ci41 — ¢; (the last cluster will have size m — ¢, + 1) and

> |C§k)| = m. We will say that ui.k) is in a cluster C; and mean j € C;.

Definition 5.7. If u® = (u(lk), ... u,(ff)) € R™ is obtained by k iterations of Algorithm 5.1, we let

) -1 L
-1 if - Z;’: " e} is a descent direction for G at u®

k . -l .
aﬁ ‘=31 if Z;’: " e; is a descent direction for G at u®

0 otherwise

for 1 < i < m. For fixed boundary conditions, we set a(lk), aﬁ,’f) =0.

The next two lemmas show that our clusters only get larger in Algorithm 5.1 and that we find

descent when no point, uS.k) in cluster C; will move independently of the cluster. This means that
we never go back to the higher dimensional space, that is, the algorithm continues to step to lower
and lower dimensional spaces. Actually, these two lemmas are for a more general algorithm, that
is, for an algorithm that finds minimizers of L! pTV for 0 < p < 1. The first of these two lemmas
gives us this result for iteration 1 of Algorithm 5.1 and the second lemma gives the result for all
other iterations. Both algorithms are proved by looking at the various neighborhood cases that are

possible at each point u; to show that if u; is in a cluster, C;, it won’t break away from the cluster

in next steps. And then we determine which A values give us descent when moving a cluster C;.
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Clusters need not break up for descent (iteration 1).

Lemma 5.12. For 0 < p < 1, let us define

m+1

Gpw) = ) Iy = uil” + 2D 1fi = .
i=0 i=0

Let e = |ue,—1 — u,| and n, = u.,,, — ue,,,-1l. Then the following statements hold.
1. If there exists a cluster C; with {u.,—; > u., and u., -1 > u.,,} and

= (e = am)? + 17 = (, + am)?

0<A<
nCil

then a descent direction for G, at the point u = f, is

cip1—1 civ1—1
ejwhenn, <me and - E ej when n, > nq.
j=ci Jj=ci

2. If there exists a cluster C; with {u,,_, < u., and u., ,—\ < u.,,,} and

ny — e+ an)? + 17 — (n, — an)?
nlCil

O0<A<

then a descent direction for G, at the point u = f, is

cir1—1 civ1—1
ejwhenn, >n, and - Z ej when n, <.

J=¢i J=ci
3. If there exists a cluster C; with {u.,_y < u., and u, -\ < u,,,,} and

= (e —am)” + 1 = (0, — am)”

0<A<
nCil
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then a descent direction for G, at the point u = f, is

ciy1—1

- (5.28)

4. If there exists a cluster C; with {u.,_, < u., and u.,, -1 < u,,,} and

ny — e+ an)? +n; — (. + an)?
nlCil

O0<A<

(5.29)

then a descent direction for G, at the point u = f, is

civ1—1

- e (5.30)

Notice, for p = 1, in cases 1 and 2, the condition for 1is 0 < 1 < 0. Since there is no such A, we
see that our L'TV algorithm will not find descent in these cases. The condition for A for p = 1 in
cases 3 and 4 is

2
0<A<—. (5.31)
IC:il

Proof. (of Lemma 5.12) We begin this proof by showing that if we start with u = f, to get descent,
we need not break up clusters. We break this into 2 cases. We assume for these cases that 1 < ¢; <

m, that is u,, is not a point on the boundary of Q2. We prove this by considering whether or not

G(u+nae;) — G(u) = lu; + na — ui|” + lu; + na — w1 |’ + Au; + na — f

—lu; — uia P + u; — w1 |’ + Alu; = fil < 0. (5.32)
Case 1: Suppose u.,_1 = U, = u.,+1. We assume that > 0 is small and compute

G(u+nae) — G(u) =2n° + An >0, ¥n > 0. (5.33)
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Thus, in this case, no descent exists. That is, a data point in the middle of a cluster will not move in

the first iteration. We can also see that for each point we move from the inside of a cluster causes

- - -
) _ 0 _ 0 _
Cio1 T f Ci-1 Ue,” = fC[ Ueiyy = ft‘m

u

Figure 5.3: Casel: u is a point in the middle of a cluster.

an increase in the fidelity term and we also see that the variation term will not decrease. Thus, we
see that no descent is found by moving any points from inside the cluster in a direction different
than the rest of cluster.

Case 2: Suppose u,,—; = u., < u.,1 (See Figure 5.4) We assume that O < n7is at most n, = |ue,1 —U,,

and compute

Gu+nae)-Gu) = n’+ @, —an)?’ —n, + A

= pP(1l—a’+(a—a))+ Ay wherea= 1 >1 (5.34)
n

Notice that if « = —1, we have G(u + nae;) —G(u) =1 —-a’ +(a+ 1)’ + An > 0. Now if @ = 1,
we have G(u + nae;) — G(u) = 1 — a” + (a — 1)? + An. This is also positive since a” — 1 = (a — 1)
when a = 1 and the left-hand side is increasing faster than the right-hand side for @ > 1. Thus, in

0 . 0 . ©) _ ©0) _
M(p,fl = f(:,-,l u(r,») = fc,- Ue, = fCi Uiy = ﬁ‘m

0) 0 _
ME':‘H = ffi+1 Ue y = fCH ©
U = fer, Uy = Jer

Ci-1

0 0 0 0
ME,-) = fo M(Ci+)| = feu ui‘i—)l = feus u(c,-) = fe

Figure 5.4: Case2: ug)) is a point on the end of a cluster (four cases).
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this case, no descent exists. That is, a data point on the end of a cluster will not move in the first
iteration. Notice the other cases for u.,_; = u., # Ug+1 O U1 = U, # Uc,—; have the same result
and are proved similarly.

Notice that if we moved several points at the end together away from the rest of the cluster, we
will see the same result in the variation term, but will multiply the fidelity term by the number of
points we move. So, clusters will not break apart in the first iteration of our algorithm. Next we
show that when clusters move together in the first iteration we find descent when A satisfies the

conditions stated in the lemma. We show this by considering whether or not

civ1—1 civ1—1
G[u e Y el =G = e+ ne = el + e+ 0@ = g, [P+ A Y+ na = £
J=ci J=ci
ciy1—1
= ity = el + e = e P+ A = f1 <0, (5.35)
J=ci

We break this step into four cases. Let i, = |u,,,, — u,,,-1l and n; = |u., — u,,—1|. We also assume

n < min{n,, n.}.

Case 1 Suppose u.,—; > u,, = ... = U, -1 > U,,. We compute
ui?)—l = ffi—l
0) —
Uprs1 = f;'i+l’1
—_—
ui‘?) = Jei u;o) =7

©) _
ufm - fc‘m

Figure 5.5: Case 1: C ,-(ugo)) has left neighbor above and right neighbor below.

ciy1—1

”"‘CW?Z e;

=

G -Gw) = (me—an)? —m, + (e +an)? —n; + ACin. (5.36)
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We see that for this case, we find descent when

v = (e —am)? + 7 — (7, + an)?
o<1 (e — an) |cl|7 (n-+an) . (537)
nic;

That is, descent is found, with this A, by moving the cluster up when 5, < 7, and down when
1, > ng. (For p = 1, this condition is 0 < A < 0, so descent does not exist.)
Case 2: Suppose v, < U, = ... = U, -1 < U,,. If we use a similar argument to that of Case 1,

we see that for this case, we find descent when

3 n; = (e +an)? + 07 = (9, — an)”
n|Cil .

A

(5.38)

That is, descent is found, with this A, by moving the cluster up when . > 7, and down when

n, < n¢. (For p = 1, this condition is 0 < A < 0, so descent does not exist.)

Case 3: Suppose u,, = ... = U, -1 < Ue-1, U, We compute
u®, = fo
ME'(‘»I = fa 1
W = 1, W=y WO = o
Figure 5.6: Case 3: Ci(ugo)) has both neighbors above.
cip1—1
Glu+an > e;|-Gw = (O —any =] + @ —an)y’ =i + ACi. (5.39)
J=ci
We see that for this case, we find descent by moving the cluster up when
P ==+ = G =)’
L= e+ — G~ ) (5.40)

nlCil

(For p =1, this condition is 0 < A < 2/|Cy|.)
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Case 4: Suppose u,, = ... = U, ,—1 > U1, U, - Again, this case is similar to Case 3. So a similar
argument gives us that moving the cluster down gives descent when

ny — e —n?f +m — (@, —n)?

A<
nlCil

(5.41)

(For p =1, this condition is 0 < A < 2/|Cy|.)

Finally, in the case that we choose the free boundary option (letting boundaries move), we show
that if u,, is on the boundary, we find descent when A satisfies the conditions stated in the lemma.
We prove this for the left endpoint of the data since the argument for the right endpoint is similar.
We break this into two cases.

Case 1: u; = u,. In this case, we assume i > 0 is small and we compute
Gu+nae)—Gu) =n"+an > 0. (5.42)

Thus we will not find descent by moving this endpoint without its neighbors.

Case 2: u; = ... = u,_ <u,. Inthis case, we assume 0 < n <1, = (4, — u,,-1) and we compute
G(u +nae;) — G(u) = |CilAn + (7, — an)” —n’. (5.43)

P_ _ P .
Thus, we find descent by moving the endpoint up whenever A < ";{’TW = h (For p = 1, this

conditionis 0 < A < 1/|Cy].)

Clusters need not break up for descent (iteration k).

For this lemma, we need to define some notation.

Definition 5.8. We define g, ¢;, g. to be the number of elements ug.k), in the cluster that are greater
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than, less than, and equal to (respectively) the corresponding f;:

q, = “uy‘) € C(ul(.k)) : ui.k) > f]}' ,
q = ‘{uﬁk) € C(ugk)) : ug.k) < f]” )
and

o= [l <) 0 = 1)

Lemma 5.13. For 0 < p < 1, let G be as in (5.22) Let q,, q., and q, be defined as above. Let

ne = g1 — ue,| and n, = lu,,, — e, -1|- And if u® is a point obtained using a ht algorithm. Then

the following statements hold.
1. If there exists a cluster C; with {uc,—1 > u., = U, -1 > Ue,,,} and

ny — (e — an)? + 17 — (1, + an)?

0<A<
n((ge — go)a + q.)

then a descent direction for G, at the point u®, is

cir1—1 cir1—1

ejwhenn, <n, and —Zejwhenn,>m.

J=ci J=ci
2. If there exists a cluster C; with {ue,_y < U, = U,,,-1 < U,,, } and

ny — e+ an)? +n;, — (1, — an)?

0<d<
n((gg — g0 + q.)

then a descent direction for G,, at the point u™®, is

cir1~1 cip1—1
ejwhenn,>n, and - Z ej when n, <.
J=ci J=ci

97

(5.44)

(5.45)

(5.46)

(5.47)



3. If there exists a cluster C; with {u,,_y > u., and u., = ¢, -1 < U,,,} and

P —e—n? +n) = — )P
O<ﬂ<m) Me—n)f +m- —(m—1n) (5.48)
n(gs —qc +q.)

then a descent direction for G, at the point u®, is

Zl ;. (5.49)

=i
4. If there exists a cluster C; with {u.,_, < u., and u., = u.,,,—1 > U, } and

= me—n?P +m — @, —n)?

0<A< (5.50)
n(=qg + qc + qe)
then a descent direction for G, at the point u®, is
cip1—1
- e (5.51)
J=ci

Again, for p = 1, in cases 1 and 2, the condition for 1is 0 < A < 0. So our L'TV algorithm will

not find descent in these cases. The condition for A for p = 1 in case 3 is

2
O<Adl<——. (5.52)
qg _qf+qe

And for case 4, with p = 1, the condition for A is

2
O<Adl<—m—— (5.53)

—qy + qe+ qe

Proof. (of Lemma 5.13) We begin, again, by showing, to get descent, we need not break up clus-
ters. Again for ease of notation, we write u instead of u® . We break this into two cases.

Case 1: u.,_; = u,, = u,+1. We assume n > 0 is small. We compute
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|
| i |
k k k
i ol
| i |
k k k
M(Cz—)l ugi) = fc,» ugijl
| i |
k k k
ey, e e,
|

Figure 5.7: Case 1: ugf) is a point in the middle of a cluster (3 possible cases).

G(u + nae) — G(u) = 20" + An((q, — qoa + q.). (5.54)

Here we treat u,, as a cluster of size one by moving it alone. So only one of g, g., g, 1s one, while
the others are zero. Notice that if g, = 1, there is no descent. Notice also that 1 > 2n”~! gives
descent by moving u,, toward f,,, but this would be undoing what we did in a previous step. That is,
in the previous step, we could have moved u,, to this cluster by itself in which case moving it back
by itself is undoing a step that gave us descent and so it would give us ascent. The other possible
case would have been if we moved u,, with a cluster to this position. In this case, we know from
Lemma 5.12 that to move it by itself away would be a step that gives ascent. So, we will not find
descent breaking up this cluster.

Case 2: u,,_1 = U, # Ue41 OF U] = Ue, F Ug,—1. We Will prove one of these cases, namely u,,; =
u,, < ug+1, because the four cases are similar in argument. We assume that < min{n,, |f;, — u.|}

and we compute

G(u + nae;)) — G(u) = (7, —na)’ —nf +n” + An((q, — go)a + q.). (5.55)
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s (k)

¢ — Ja uci+1
(k)
U,
e
|
(k k
uc‘,'zl uE‘,)
k
ue,
(k)
uC[—l
\ .
(k) (k)
uCi - uCHl
e
(k)
ué‘i—l

u® = o (k)

¢ T Jc U,

(k) (k) (k)
Ue;, Ue = Jai
(k)
MCH-]
ﬁ'i
[ |
k k
) uey),
k
ui‘izl
k
)
»
k k
i) Y
[ ]
Je
(k)
uCHl
k k k
W W = f®

Figure 5.8: Case 2: ufk) is a point on the end of a cluster (8 possible cases).



Notice, we get descent if

P _pp — — P P —1—(a-a)
DIl ek ] O Kk Gl P (5.56)
n((ge — g0 + q.) (9 — g0 + q.

or
-+’ + 0 —na)’  af-1-(a-a)f

A> =
n((ge — go)a + q.) (e —qo)a +q.

(5.57)

But, notice that this second inequality is taking us back toward f; which is again, undoing a previous
step. The first inequality says A < 0. Thus, we do not find descent in this case either. So, we know
that the algorithm will not break up clusters.

Now we consider moving the full cluster together. We will show that we find descent when A
satisfies the conditions stated in the lemma. We break this step into four cases. Let n, = |u.,, —

Ue,,,-1l and ny = lu,, — u.,—1|. We also assume n < min{n,, n,}.

Case 1: Suppose u,,—1 > U, = ... = Ug,,—1 > U,,. We compute
k)
uc,-—l
k)
Ueii-1
e —_—
u® u®

(k)

MCHI

Figure 5.9: Case 1: C i(ul(.k)) has left neighbor above and right neighbor below.

cip1—1

Glu+an Z ei| =Gy = (g —an)? —n; + (o, + an)? = + A(qg — qo) + g)n. (5.58)

j=ci
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We see that for this case, we find descent when

P — (e —an)? + 0l — (. + an)?
1< n, —(Me—an)? +m. —( an)_ (5.59)
n((q, — qoa + q.)

As in the last lemma, we find descent, with this A4, by moving the cluster up when n, > 1, and down
when 1, < 17,. (As we saw in the last lemma, for p = 1, this condition is 0 < 4 < 0, so descent
does not exist.)
Case 2: Suppose ug,—1 < U, = ... = U¢,,—1 < U,,. If we use a similar argument to that of Case 1,
we see that for this case, we find descent when

n, — (e + am)? + 7 = (17, — am)?

A ) 5.60
) 1(ds — g0 + 42) ©.60)

That is, descent is found, with this A, by moving the cluster up when 7, < 7, and down when
n, > n¢. (For p = 1 descent does not exist.)

Case 3: Suppose u,, = ... = U, -1 < Ue,—1, U, WE cOmpute

u®

ci—1

(k)
Uei

i —

" e o e o
Ue; u; ulfi+1-1

Figure 5.10: Case 3: Ci(ugk)) has both neighbors above.

civ1—1

u+anz e;

J=ci

G -G = (e —an)? =y + @ —an)? —nf + A(qe — go)a + g.)n. (5.61)

We see that for this case, we find descent by moving the cluster up when

n = e —n?f +m — (@, —n)?

A<
(g, —qc +q.)

(5.62)
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(For p = 1, this conditionis 0 < A < 2/(q, — q¢r + q.).)
Case 4: Suppose u., = ... = U, 1 > Ue-1,U,,. Again, this case is similar to Case 3. So a similar

argument gives us that moving the cluster down gives descent when

n = @e—m?+m — @ —n)P

A<
n(=q; + qe + q.)

(5.63)

(For p = 1, this conditionis 0 < A < 2/(~g, + q; + q.).) O

Using the proof of Lemmas 5.12 and 5.13, we see that for every cluster ka), we get Cgk) -
Cf“l). That is, no point will leave a cluster and at each iteration the algorithm will reduce the

problem to minimizing a lower dimensional problem. O

5.2.5 More Efficient L' TV Algorithm

In this section we will introduce a more efficient algorithm for the case when p = 1. In the proof
of Lemmas 5.12 and 5.13, we found conditions on A for which descent occurs. Here we use those
conditions to formulate a new algorithm that does not need to compute G values. Recall, we found
that descent occurs, in the p = 1 case, only when clusters are lower than both neighbors or higher
than both neighbors. We restate the conditions here. In the case when C; is lower than its neighbors,

we find descent in moving the cluster up when

2
O0<dA<—m (5.64)

Ge—qe+qe

For such clusters, we call Q = g, — g, + q. the effective cluster size. In the case when C; is higher

than its neighbors, we find descent in moving the cluster down when

0<A< 2z (5.65)

—~qg+qe+q.

For these clusters, we call Q = —¢, + g, + g. the effective cluster size.
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Remark 5.3. For C; on the boundary of our data, we use the results from Lemmas 5.12 and 5.13
to say the effective cluster size is twice the effective cluster size of an interior cluster. We see that
this makes sense since moving the cluster only affects the variation based on one neighbor instead

of two and so it takes a smaller A to move it.

We also recognize that the value of G does not change when a cluster moves between its highest
neighbor and its lowest neighbor. So, if instead of moving clusters up and down in parallel, we
move up (down) all clusters with the appropriate effective cluster size for the given A first. These
clusters will move up (down) to meet another cluster, stopping at S, or to meet an f value, stopping
at Sy. Since some clusters will join with others, we recompute effective cluster sizes for all clusters
that changed and then move down (up) all clusters with the appropriate effective cluster size for
the given A.

For this version of the algorithm, we are still stepping in an @-descent direction to points in S,
and/or Sy. We are not breaking up clusters as before, but we are now stepping through effective
cluster sizes to make the algorithm more efficient. As long as the effective cluster size does not
decrease, we know that the convergence given in Subsection 5.2.3 still holds. In fact, we can easily

show that effective cluster size does not decrease.

Lemma 5.14. The effective cluster size (ECS) for any cluster at any iteration given by

Qup = Qg —dqr + qe or den = _qg + qe + e, (566)

will never decrease, here Q,, is the ECS for a cluster intended to move up and Qg is the ECS for

a cluster intended to move down.

Proof. We will prove this lemma is true for an up cluster C;. The argument for a down cluster is
similar. We recall Definition 5.8.
For this proof, we will say that u; in C; contributes to g, if u; > f;, to g, if u; < f;, and to g, if

u; = f;. Notice that
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e if u; in C; contributes to g, and C; moves up to form the new cluster C;, then u; in C!

contributes to g, since u; > u; > fj,

e if u; in C; contributes to g, and C; moves up to form the new cluster C; then u;. in C’ con-

tributes to g, since u/; > u; = fj, and

e if u; in C; contributes to g, and C; moves up to form the new cluster C7, then u’ in C]
contributes to either g, or g, since a cluster will stop at the closest of its neighbors or corre-

sponding f values so f; > u’, > u;.

This all tells us that when C; moves up, g, can only change by decreasing, g, can only change by
increasing, and ¢, can change by either increasing or decreasing.

Now, we consider the effective cluster size for three cases for the newly formed cluster C;.

A |C!| = |Cjl, the actual cluster size does not change. This happens when C; moves up to meet

an f value,
B (7 is lower than both of its neighbors, and
C (! is a cluster that is higher than both of its neighbors.

We don’t consider the case when one of the neighbors of C? is below and the other above the
cluster, since moving this cluster will not give descent in G.

In case A, since both neighboring clusters, C;_; and C;; are still above C;, the effective cluster
size is given by Q,, in (5.66). Using the argument above we see that the new effective cluster size
increases since at least one u; in C; that contributes to g, will move up to u that contributes to g,
thus Q,, will increase.

In case B, C; will move up to join with at least one of its neighboring clusters C;_; and C;,.
Now, let Q;_i, Qi+1 denote the effective cluster sizes of C;_;, Ci,1, respectively and Q! be the con-

tribution from C; after its move. From the above argument, we know that Q] = ¢, — ¢, + g, =

qe—qc +q. = Q.
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If C; moves up to join with C;_;, the new effective cluster size is just the sum of the contributions
from both clusters, thatis, Q = Q,_; + Q.. If C; moves up to join with C;;, the new effective cluster
size is Q = Q! + Q;,1. And if C; moves up to join with both C;_; and Cj,, the new effective cluster
sizeis Q = Qi1 + Q! + Qjy1. In these three cases, if Q;_1, Q;y1 > 0 then the effective cluster size
does not decrease.

Notice that case C can only happen if C; moves up to meet both of its neighbors (for otherwise,
at least one will still be above C7). So, the new effective cluster size is Q = Q;_; + Q. + Q;41. Also,
for this case, the new cluster that is formed is a down cluster, that is Q is computed using Qu,»
in (5.66). Since C; was below clusters C;_; and C;,; before the move, we know that C;_; and C,,
were down clusters before C; moved up. So, since we are incrementing on the ECS, we know that
Qi-1, Qix1 = Q. Since the newly formed cluster, C; is a down cluster, the amount that C; contributes
to Qis Q) = —g,+q¢+q,.. Notice that Q' is not an effective cluster size, rather it only contributes to
the new effective cluster size so it may be negative. If Q! is negative, then we will get the smallest
value for Q. But the smallest this can be happens when u; = f; for all u; in C; so that after the move
they contributed to g,, but then Q; = |C;| and we get Q = Q;_1 + O/ + Qi1 = Qi —|Cil + Qi1 2 Q.
So, we know that, in this case also, the effective cluster size never decreases.

Notice that since the algorithm starts with u = f, Q; = |C;| > O for every cluster C; thus using
the above arguments, the minimum effective cluster sizes never decrease. m]
(k)
s

Now we give the formal algorithm. Let C o C,(]’,f) be the unique clusters at iteration k. Let

g, P, " be q,, ., and g, for cluster i at iteration k. In this algorithm we start at u® = f and find
the clusters. We, then, determine which clusters might move up, call them up clusters, and which
might move down, call them down clusters (ignoring those that have both a neighbor below and a
neighbor above the cluster). In the case of Algorithm 5.3, we see it is written with a preference to
move clusters up first and then down. We find the minimum effective cluster size (ECS) and move
up any up cluster, with this ECS, to its nearest neighboring cluster or f value. If no up cluster

has this ECS, I move down any down clusters, that have the same ECS, to its nearest neighboring

cluster or f value. We repeat this until the stopping condition is reached. If at any iteration the
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Algorithm 5.3. (L'TV)
Given f = (fi,. .., fm

Setu® = W, u?) = (f.... fu);
Find C\",CY, ... C;?,
Setk « 1;
do
Compute g (k> Ek) foreachi=1...qy,

U« {j:all nbrs of C; are above C}
D « {j : all nbrs of C; are below C}
MINCSy < Min| i<, {Miniey{g; ® €(k) (k)} min;ep{— g )+ {’(k) + e(k)}}

mvel —{ie U : g(k) o0 4 Ek) = mincs};
if mvel # 0
Jor idx =1 : |mvcl|
Move up, Cmvcl(i i 10 closest of f, Criiar-1, and Cigy+1
end
else

mvcl — {ieD: g(k) + f(k) + egk) = mincs};

Jor idx =1 : |mvcl|
Move down, C

end

end

k—k+1

Update list of clusters, [C gk), .. C(k)]

if mincs, #mincs;_,
Append list of solutions with [Ci,....Cyl;
Append list of A with

end

until no descent exists.

mveliay 1© closest of f, Criiax-1, and Cigy+1

mmcs+l ;

Table 5.3: Efficient L' TV algorithm (written with an up preference)

minimum effective cluster size changed from the previous iteration, we update the list of solutions
and the A value.

The stopping condition for this algorithm depends on the type of data and the boundary condi-
tions. In the general case for data (that is, not necessarily binary data), we stop the algorithm when
monotonicity is reached for fixed boundary data or, for free boundary data, when there is only one
cluster left (the solution is flat).

For binary data, this algorithm is greatly simplified. There is never a need to check nbrs of a
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cluster. If the data is binary, the neighbors have the opposite value of that of the cluster. That is,
if the cluster is at a height of 1, its neighbors are at a height of 0 and it is then a down cluster. For
down clusters, C;, the effective cluster size is dependent on ¢; and e; whereas for an up cluster, the
effective cluster size is dependent on g; and e;. Another simplification for this algorithm when the
data is binary is that we never need to check the distance to f values corresponding to a cluster
since these will also be either O or 1. So, the algorithm will not have moves to heights other than the
height of cluster neighbors. Finally, the algorithm will stop when the minimum number of clusters,
ming, is reached. The value of minq depends on whether the boundaries are fixed (minq= 2) or
free (ming= 1).

In Figure 5.11, we show the value of min G vs A for two different examples using Algorithm 5.3.
The top plot is from Example 6.2, a simple noisy signal with two jumps of differing heights. The
bottom plot is from Example 6.6, a signal composed of the sum of sines and gaussian stationary
additive noise. These plots are obtained by finding the G value after each iteration. The points in
Figure 5.11 are the points (4, min G). Because the minimizer will be the same until A drops below
the A, for the next iteration and since G is linear in A we plot the line between A; and A;,; using
the minimizer for 4, to compute G.

The greatest benefit to Algorithm 5.3, for both the general and the binary problems, is that we
are able to solve the 4 = 0 problem and in the process get the solutions YA > 0. That is, the
computational task of getting a solution for all 4 > 0, is the same as solving only one problem. We

state this result in the next theorem.
Theorem 5.2. Algorithm 5.3 finds a solution to L'TV for every A > 0.

Proof. Algorithm 5.3 iterates by increasing the effective clusters size, thus decreasing A beginning
with the largest possible A so that at least one cluster will move. Because the problem is discrete,
the effective cluster sizes are positive integers between O and m (the length of the signal). The
effective cluster size (and thus, 1) does not change until no cluster of this effective cluster size will

move. By the results of Subsection 5.2.4 we know that, for each A, Algorithm 5.3 finds descent
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Figure 5.11: (4, min G) corresponding to Exs 6.2 (top) and 6.6 (bottom)
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whenever descent exists so, at each iteration, the algorithm minimize L'TV for the current 1. And
by Lemma 5.14, we know that iterating on the effective cluster size does not skip a particular
effective cluster size that might need to be revisited later since the effective cluster size never

decreases. Thus, for each A > 0, we find a minimizer to the corresponding L' T'V problem. O

5.2.6 ht Algorithm in Higher Dimensions

It is worth noting that neither algorithm will extend to higher dimensions. The issue lies in the
neighborhood structure that occurs at higher dimensions. In higher dimensional problems, such
as imaging problems, it becomes beneficial to break up clusters when there is a data point that
has more neighbors outside of the cluster than inside. We see this occurring in images with L'TV
when parts of object edges having high curvature are rounded. We conjecture that an adjustment
to the algorithm to allow cluster break up only when the number of neighbors outside the cluster is

not less than the number inside will give similar results for higher dimensional data.

5.2.7 Time Trials for L'TV ht Algorithm

Finally, we show timing results for both the general and binary cases as well as for fixed and free
boundary conditions.

First, we start with fixed boundary conditions. We ran Algorithm 5.3 on 100 random signals of
size N. In Table 5.4 we have recorded the average number of initial clusters, the average number
of A solutions, and the average time in seconds that it takes to perform the main loop of the ht
algorithm. The algorithm has a set up that is of order N, but then the main loop depends on the
number of initial clusters.

We then ran 100 random binary signals of length N. We recorded the average time to complete
the main loop of the ht algorithm, the average number of initial clusters, and average number of A
solutions in Table 5.5.

Next, we looked at some time trials, but this time with free boundary conditions. We ran
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N | Ave. # of initial clusters | Ave. # of A Solutions | Ave. time in seconds
5 5 2.61 0.0008
10 10 3.65 0.0015
20 20 5.93 0.0031
40 40 9.21 0.0061
80 80 12.62 0.0114
160 160 23.58 0.0229
320 320 39.27 0.0455
640 640 63.76 0.0941
1280 1280 135.61 0.2153
2560 2560 283.39 0.5410
5120 5120 418.02 1.4511

Table 5.4: Time Trials for Algorithm 5.3 for general random signals, of size N, with fixed boundary

conditions.

N | Ave. # of initial clusters | Ave. # of A Solutions | Ave. time in seconds
5 2.1 1.39 0.0001
10 3.9 2 0.0002
20 7.4 2.51 0.0004
40 13.8 2.93 0.0007
80 26.9 3.47 0.0012
160 52.2 3.93 0.0020
320 104.4 443 0.0035
640 209.1 491 0.0067
1280 419.1 5.34 0.0138
2560 836.2 591 0.0305
5120 1677.1 6.42 0.0762

Table 5.5: Time Trials for Algorithm 5.3 for random binary signals, of size N, with fixed boundary

conditions.
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100 random signals of length N. In Figures 5.6 (general random signals) and 5.7 (binary random
signals), we recorded the average time to complete the main loop, the average number of initial

clusters, and the average number of A solutions.

N | Ave. # of initial clusters | Ave. # of A Solutions | Ave. time in seconds
5 5 3.26 0.0010
10 10 4.28 0.0020
20 20 5.93 0.0035
40 40 8.11 0.0063
80 80 11.15 0.0117
160 160 15.15 0.0217
320 320 20.58 0.0417
640 640 30.22 0.0857
1280 1280 41.72 0.1874
2560 2560 58.94 0.4587
5120 5120 84.78 1.2875

Table 5.6: Time Trials for Algorithm 5.3 for general random signals, of size N, with free boundary
conditions.

N | Ave. # of initial clusters | Ave. # of A Solutions | Ave. time in seconds
5 2.3 1.85 0.0002
10 4 2.33 0.0003
20 6.7 2.71 0.0005
40 13.8 3.19 0.0008
80 26.8 3.51 0.0012
160 53.8 4.03 0.0020
320 106.7 4.54 0.0036
640 211.4 4.87 0.0068
1280 420.8 5.36 0.0138
2560 835.8 5.85 0.0305
5120 1678.3 6.40 0.07771

Table 5.7: Time Trials for Algorithm 5.3 for random binary signals, of size N, with free boundary
conditions.

From our time trials, it appears that the computational complexity of the main loop of our ht
algorithm is of order o(M), where M is the number of initial clusters in our signal. An initial
computation of order o(N) is performed on each signal to catalogue the clusters, where N is the

length of the signal. Putting these together, we believe that the computational complexity of this
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algorithm is of order o(aN + M) signals of length N, where a is small compared to 1. We know
that for a binary signal, the cluster that moves will meet up with both its neighbors. So, after each
iteration, the number of clusters decreases by 2 for every cluster that moves. This means that there
are exactly % cluster moves for any binary signal. The worst case scenario, is the binary signal
given by

u® =(0,1,0,...).

Here the number of initial clusters is N, the signal length. Thus, the number of cluster moves is
equal to % = % In a random binary signal, we expect less than N initial clusters.
53 L'pTV (p <1)in1-Dimension

In this section, we discuss the discrete formulation for L' pTV,
minf W'\ + Alf —uldx, forO<p<1. (5.67)
Q

In [8], Chartrand uses (5.67) to denoise cartoon (piecewise constant) images. He found that bound-
aries and pixel intensity of objects in the image are preserved even in areas of high curvature such
as corners. We use an our ht algorithm on one dimensional signals to see the same preservation in
objects.

Here we consider a regular fixed partition for Q, xg, Xy, ..., X, X,+1 and again, consider piece-

wise linear functions u. We use u’ = {== to get
1+ 1

min{G:Zlu,-+1—u,-|p+/12|f,-—u,-|:ue?}. (5.68)
i=0 i=1

Notice we can eliminate the x dependence for the same reason we were able to eliminate the x
dependence in Section 5.2. Notice also that if u is binary data, the problem is p-independent.

Thus, for binary data, this problem reduces to the L' TV problem.
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For this problem, we seek a minimizer in the set Y (Definition 5.2). Because G is concave in
the regions separated by the hyperplanes of the form {u; = u;, 1}, {u; = u;—1}, or {u; = f;} (See Figure
5.12), we know that minimizers will be in Y. We use an ht algorithm similar to the above which
stays in Y to find local minimizers. The difference in the algorithm is that it is dependent on the
neighborhood structure, that is, whether the neighbors are both above, both below, or one above

and one below the cluster being moved.

Figure 5.12: Level lines of a simple example of G for p =.5and 1 =1

5.3.1 ht Algorithm for L' pTV

Again, we use the proof of Lemmas 5.12 and 5.13 to write an algorithm to find minimizers of
(5.68). We let Cﬁk), ces Cg;) be the unique clusters at iteration k. Using the lemmas, we write the

conditions on A for a cluster to move at iteration k. We let g,, q., and g, be as we defined them in
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Subsection 5.2.5. To move a cluster that has one neighbor above and one neighbor below, we let
1, be the distance from the cluster to the neighbor above the cluster and 7, be the distance from
the cluster to the neighbor below the cluster. And we consider moving the cluster up a distance

n = min{n, {f; — w; : when f; > u;,u; € C;}}. The algorithm will find descent in this case if

e — Mo —mP +1, — (1 + )P

0<Aa< (5.69)
1(qg = e + ge)
Notice that since g, — g, + g. > 0, we need
0 <nh = @a—m?F +1n, = +n). (5.70)

This happens only when 1, < 1,. Now we consider moving the cluster up a distance n =

min{n,, {u; — f; - when f; < u;,u; € C;}. The algorithm will find descent in this case if

e = Mo+ )P + 1, = (15 —1)°

0<A<
n(—qg +qr + q.)

(5.71)

Similar to the previous case, we need that 7, < n, for this to make sense. To move a cluster that has
both neighbors above, we let 17, be the distance from the cluster to its left neighbor and 7, be the
distance from the cluster to its right neighbor. And we consider moving the cluster up a distance

n = min{n., n., {fi —u; : when f; > u;, u; € C;}. The algorithm will find descent in this case if

n == +n; — e —n)?

0<A<
(g, —qc +q.)

(5.72)

Finally, To move a cluster that has both neighbors below, we let i, be the distance from the cluster
to its left neighbor and 7, be the distance from the cluster to its right neighbor. And we consider

moving the cluster up a distance n = min{n., 1., {u; — f; : when f; < u;,u; € C;}. The algorithm
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will find descent in this case if

0<A<

n =@+ + 0, — e+ )P

(5.73)
n(=q; + qe + qe)

Using the above information, we see that our algorithm should only check the conditions for
moving a cluster up when the closest neighbor is above the cluster. Similarly, we should only
check the condition for moving a cluster down when the closest neighbor is below the cluster.
As in Algorithm 5.3, we let g;, e;, i be g,,q., g, for cluster, i. In the algorithm below, we let

Oup=1gi—ti+tei:1<i<m}and Q4 ={-gi+li+e:1<i<mj

Algorithm 5.4. (L'pTV)
Given f = (f1,..., fw);
Set @ = W, ... ul)) = (fis- - fou)s
Find €, ¢V, ..., CO;
Compute Set k «— 1;
Jori=1:m

Compute A; according to Egs. (5.69), (5.71), (5.72), and (5.73));
end
do

Find mvcl = arg max;{A;};

Set /1;; — Aduels
if 3; <0, stop do loop
Set n, « u, — ul, e — |ue — ul;

n — min {n,,ne, ming, ec,,, {1 = w1 2 e(f; = up) > O}};
Compute e according to 5.5 using u,, ¢, Qup,» Qdwn;> Mr> Mes
Move C,,, the distance na .
k—k+1
Update list of clusters, [Cik), e C,(]Z)];

Compute A; for clusters that change;
if A <A

Append list of solutions with [Cy, ...,C,l;
Append list of X* with A;;
end
until no descent exists.

Table 5.8: L' pT'V algorithm
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Algorithm 5.5. («)
Given u, u,, e, Qups Qadwns 1> Me5
if u,,up > u
o« 1;
elseif u, > uandn, <n,
a«—1;
elseif u, > u and n, < n,
o« 1;
elseif nc = n,
ifu>uoru >r
lfO < Qup < den or den <0< Qup
o« 1;
elseif Qup = den
a « preferred direction (up=1,down=-1);
end
end
else
a——1;
end

Table 5.9: L' pTV algorithm

In words, this algorithm starts at u” = f and finds all of the clusters. The cluster with the max-
imum A, (according to Equations (5.69), (5.71), (5.72), and (5.73)) is moved in the appropriate
direction to the nearest neighbor or nearest f; fori € {i : u; € C;}. We continue this until stopping
conditions are reached. As in the L!TV algorithm, stopping conditions depend upon the type of
boundary conditions, that is, whether they are fixed or free boundary conditions.

Notice that since the iterations of Algorithm 5.4 stay in Y (see Definition 5.2), we know that
it is also a finite ht algorithm. From Lemmas 5.12 and 5.13 we know that at each iteration, the
algorithm finds strict decent. G > 0, so is bounded below. We can see that G is coercive. Indeed,

we have

G= )l —ul + 2 |fi—wl <A |fi—ul <A ) (] = |fi) > coas jul — co.  (5.74)
i=0 i=1 i=1 i=1

We do not have a convexity condition so we are only able to conclude that this algorithm finds
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local minima.

Like Algorithm 5.1, Algorithm 5.4 steps to the hyperplanes where G is nonsmooth and stays in
the lower dimensional space. So, this algorithm finds minimizers of lower and lower dimensional
problems. The clusters also only get larger, therefore because we operate on clusters rather than
the signal, the algorithm increases in efficiency as we progress through the iterations. Because we
cannot guarantee that the effective cluster size is nondecreasing, we cannot be assured that we get

a local minimizer for every 4 > 0. 'We can also see from Figures 5.13, 5.14, 5.15, and 5.16 that

1.5 2

Figure 5.13: Level lines for the discretized L' pT'V, G(u;, u»), with A =1 and p = .1

in Y, there are local minimizers and saddle points (we marked the u, = f>,u + 3 = f; with black
lines to make them more visible). We can also see that as p ' 1, the plot looks more and more
like Figure 5.1.

Also for Algorithm 5.4, we don’t get a minimizers at the end of each iteration. This happens
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because the effective cluster size can increase or decrease. The iterations that end with minimizers

are those for which A decreases in the next iteration. Notice if A increases in the next iteration,

(k)

cut

we are still finding descent for the current A, value. For example, if 4., = 10 we know that at
iteration k, we find descent whenever A < 10. If the maximum A that will give descent at iteration
k + 1 is larger than 10, then we know that we will find descent for A < 10 since /15.];;"1) > 10.
Figures 5.17, 5.18, 5.19, and 5.20 show (4, min G) from Algorithm 5.4 for p = .1,.4,.7,.9,
respectively on a simple signal with two flat bumps (See Example 6.2. For the case of Algorithm
5.4, since G is linear in A, we draw these lines for each of the 4., and the corresponding minimiz-
ing solution. The points plotted are at those A for which the lines corresponding to consecutive

iterations intersect. We also notice that as p — 1, the plot looks more and more like the plots in

Figure 5.11.

10° 10° 10°
A

Figure 5.17: min G vs A given by Algorithm 5.4, for p = .1
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Figure 5.18: min G vs A given by Algorithm 5.4, for p = 4
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Figure 5.19: min G vs A given by Algorithm 5.4, for p = .7
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Figure 5.20: min G vs A given by Algorithm 5.4, for p = .9

5.4 p-Variation, the 1 = O case

In this section, we formulate the 8 = 0 version of (2.1),
minf |uW'|P dx, forO<p<1, (5.75)
Q

as a discrete problem. We do this by setting 4 = 0 in (5.2) to get

ueF ,x

min {G = Z lis1 — wil” (xier — x)' 77 2 x; < Xi+1}, (5.76)
i=0

where ¥ is the set of piecewise linear continuous functions. We now introduce another hyperplane
traversal algorithm. Here we have a partition x, ..., x, of Q with x;;; > x; and xy = a, x4 =
b,uy = a, u,,, = are fixed boundary values. Notice that G is nonsmooth (or not differentiable) at

any point (x, u) where at least one of u; = u;,; or u; = u;_; holds. Where G is smooth, we compute
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the gradient of G at (x, u) = (X, ..., Xy, Uy, ..., Uy,) to be

|y —uol? lup—uy |
(- p)((xl—xo)” - (X2—X1)”)

(1-p) ( | L Ium+1—um|")
(Xm=Xm-1)P (Xm+1=2Xm)P

(p—x)'P

luz—uy =P

VG(x,u) = (5.77)

sgn(uy — uy))

luay—uo|' =P

p ((XI_XO)lip'Sgn(”l - up) —

(Xm+1 _xm)lip
‘um+1 _umllip

Xm —Xm— -p
| p (#Sgn(l’tm - um—l) - Sgn(um+1 - um)) ]

|um_um71|17’)
Now we give some lemmas about the function G. First, we show that G has no local minima.

That is, since G is nonconvex, if G has no local minima, all minima of G must be global minima

Lemma 5.15. If (x.,u.) = (X1,..., Xp, Uy, ..., Uy) is not a global minimizer for G defined in Equa-

tion (5.76), then there exists a descent direction for G at (x., u.).
Proof. First, we refer to Equation (5.77). We have 3 possible cases.

1. VG # 0 exists at (x,, u.):

Then (x., u,) is not a minimum (local or global) and thus —VG(x.,, u,) is a descent direction.

2. VG =0:
Then
g —uol” _ _ Jtrr —
(x1 — x0)? (e — X)P
Iul — U — — Un+1 — Up (5 78)
X1 — Xo Xm+1 = Xm . .
And
()C — X )l—p (xm - xm)l_p
ngn(lxﬂ - MO) =...= h,[“—ull_Psgn(uWH—I = Up,). (579)
1 — Ho m+1 — Um
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Using (5.78) and (5.79), we get

sgn(u; — up) = ... = SgN(Upt1 — Up)-
And, so
Uy —uo _ _ Unt1 — Un
X1 — X0 Xm+1 — Xm

Which implies that the function defined by u(x,) = u. is the line, u(x) = 2= (x — xq) + uo.

Xm+1—X0

A descent direction at (x,, u,) is given by

v=(0,...,0,1,0,...,0) € R*™",

where the 1 is in the (m + k)th position (0 < k < m). That is, if € > 0 then we need to show

that v is a descent direct, that is,
G((x.,u,) + ev) < G(x,, u,), (5.80)

for € > 0 small enough.

First, let C be the slope of the line through the points (x;, #;),0 <i < m + 1. That is,

Uiy1 — U;

=C, V0<i<m+1.
Xi+l — Xi

Assume also, without loss of generality that C > 0. Then u;,; —u; > O for each i and we have

m m 4
- Uirt — Ui
G(x.,u,) = Z(um —u)’ (X1 — Xi)l P = Z( + ) (Xix1 — X)) = CP(Xpy1 — X0).
i=0

im0 \ i+l T X
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And,

k-2 p
1— Uy + € — Uy
G((xer ) + €9) = > (i = ) (X1 = %) 7 + (— (5 = 1) +
i=0

P m
Up+1 — € — Uy -
(—) (Xps1 — Xp) + Z(um —u)’ (Xip1 — x;) 7

Xk — Xk-1

Xk+1 — Xk 1
Uy + € — U P
= CP(x3-1 — Xo) + CP(Xps1 — Xg41) + (—) (X — Xe—1) +
X = Xp—1
Upr1 — € — Uy g
— | (1 —X)
Xk+1 — Xk

— p
= G(x., u.) + CP(x; — x1-1) ((M) _ 1)

U — Ug-1
_ _ P
+CP (X1 — X¢) ((M) - 1). (5.81)
Uk+1 — Uy

Using a Taylor expansion, centered about € = 0, we can write this as

G((x..11,) + €v) = G(xo. 1t,) + C” (ge + %62 + 0(53)) +

P pip-1  , 3
C”( Ce + —2C(uk+1 — uk)e + O(e ))

:G(x*,u*)+Cp(p(p_l)( by 1 )62+0(€3))

2C (i —ug—1)  (Ugsr — Ug)

Now, 0 < p < 1 gives us a negative coefficient on €>. Thus, we can find an e small enough

so that (5.80) holds.

3. VG(x,,u.) does not exist:

Let’s define the indexing sets

A=02mnNnZ, IT={icA:x;=x1} and J={jeA:u;j=u;,}.
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We can see from VG in equation (5.77), that if
-Z- ;t 07 j ¢ 07 xl = XO, xm = -xm+17 u] = an I/lm = um+1’

or some combination of these, then VG does not exist. For now, let us consider only the case
where 7 # 0 and J # 0. Say
|l Il=1 and |9J]|=k,

where | - | denotes cardinality.

Let

H = U{Xi =xi-1} U U{Mj = Uy}

iel T
be the union of hyperplanes where VG does not exist. We find descent of G in H. To do this,

we consider the function, G,
G : R*™ 7 - R defined by G(%, it) = G(&, ib),

where ¥ € R™ is the point formed from the components of x, whose index is not in 7,
it € R * is the point formed from the components of u, whose index is notin J, £ € R™ and

it € R™ are points in the union, H, of the hyperplanes that correspond to X and i respectively.

The gradient, VG, exists and gives a descent direction in R*"~'~*_ Since G|y and G are
equivalent, we can construct the vector, v, in H corresponding to VG. We form v from VG
but changing the components corresponding to coordinates whose indices are in Z or J so
that v points in H. That is, if i € 7, then x; = x;_; and we find that g—fi and 6‘;% do not exist.

So, we replace both of these components in VG with 77~ Similarly, if j € J, we replace

4G
6}6,'_
G

the components, 2% and -2% in VG with 2%
()Mj auj,l (')Ltj,l

Now, to deal with the cases when x| = xo, X, = Xpt1, U = Uy, Uy = Upyyp, WE Teplace the
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components of VG,
oG oG oG oG

ox;” 0x, Ou  Ou,

with 0, respectively. We then see that —v is a descent direction for G which points in H.

For clarity in part (c) of the above argument, we consider the example:

Example 5.2. Letm = 5,7 = {4}, 9 = {2}, us = ug. Recall, xo, uy, x¢, s are all fixed. So we write

G(xla X2, X3, X5, U1, U3, I/l4) = G(XI, X2, X3, X3, X5, U1, U1, U3, U4, u6)

1- 1- 1-
= |uy — uol’(x1 = x0) " + |uz — ua|"(x3 — x2) 77 + |ug — ual’(xs — x3)" 7.

We construct v:
3G
e (X, 1)

82 (x, 1.)
g_sz(xla X2, X3, X5, U1, U3, u4)

3G
H_)Q(XI,XZ, X3, X5, Uy, U3, Usg)

G
E(xm l/l*)

oG
G (X1, X2, X3, X5, U1, U3, Us)

9G
m(xl, X2, X3, X5, U1, U3, Us)

G

%(xm u*)

G
s (X 18,)

0

Now we characterize the set of stationary points of the function G. It turns out that the set of

stationary points are points (x, u#) so that u(x) is affine.
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Lemma 5.16. Define

S = {(x, w)[VG(x,u) = 0},

with G, defined as in Equation (5.76), and fix (x,u) = (X1,..., Xpo U1y .., Uy), With Xiy1 > X;
then (x,u) € S if and only if A a continuous affine function u : R — R so that u(x;) = u; and

u(a) = a,u(b) = B for real numbers a + .

Proof. Let G be defined as in Equation (5.76).

We start by assuming the existence of the linear function u so that u(x;) = u; and we will show

that (x,u) = (x1,..., X, Ug, ..., U,) €S. We know that, since u is linear,
uXx) —u
W-u) _ .
X—=Yy

Since C # 0, x;11 > x; tells us that sgn(u;,; — u;) is either always 1 or always —1. Without loss of
generality, let sgn(u;;; — u;) = 1, Vi. As in the definition of f, we use the notation xy = a, X+ =

b,uy = a, Uy = B. Thus

Ui — i | _fuCx) —ulxi-)| cl.
Xi — Xi-1 Xi — Xi-1
and
u;, — u;— P u; — U; P
(1—p>[ 1' - == ]=<1—p)<|C|P—|C|P>=o,
Xi = Xi-1 Xitl — Xi
fori=1...m. Also,
Xi = Xi-1 1_ps n( ) Xiv1 — X 1_”8 n( ) 1 1 0
u, —ui—1) — Uir1 —U;j)| = — — —— | =Y,
b Ui — Uiy s Y i — g Shldlint b |ICl*=r - |C|'P

fori = 1...m. Thus, by Equation (5.77), VG(x,u) = 0 and so (x,u) € S.

Now, we assume (x,u) € S. Then Vf(x,u) = 0. That is,

1-p
sgn(uiyr — u;) = 0.

1-p
sgn(u; — ui_y) —

p

U — Ui Uiyl — U; Xi — Xi-1 Xixl — Xi

p
=0 and

Xi — Xi-1 Xivl — Xi Ui — U1 Uir1 — U;
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First, notice that the terms in the equations above must be nonzero because

l-p

U — Ui .
- sgn(u; — u;_y) is undefined.

P L — X
Xi — Xi-1
= 0, e _

if

Xi — Xi-1 U — Ui

Notice, also, that in order for equality to hold, sgn(u;.; — u;) must always be 1 or always —1 for

otherwise, we could not add two negative or two positive real numbers and get 0. So, let us again,

without losing generality, choose sgn(u;,; — u;) = 1, Vi. So

i — uiy| _ |uiv1 — uil
Xi — Xi-1 Xit1 — Xi
That is,
U — Ui Uiv1 — U .
= Yi=1...m.
Xi — Xi-1 Xi+1 — Xi

To complete the proof, we define u : R — R to be the linear function, u(x) = C(x — a) + @, where

C is defined by

U — i1

a
1l

Xi — Xi-1

O

Note: There are special cases, not covered in the above statement, where u is a line, but VG

does not exist. These cases are when @ = 8 or when x;,; = x; for some i.

Notice that Lemma 5.16 gives us stationary points for (5.76) when x; < x;,, but if we consider

allowing x; = x;;1, we can see that G = 0 whenever (x, u) is a step function. This is easily seen

because for a step function, in any interval, either x; = x;,; or u; = u;1. So, as we saw in Chapter

2, step functions are minimizers of G.

With this understanding of G and, again, recognizing that G is nonsmooth on the hyperplanes

where u; = u; 1, U; = Uiy, X; = X;_1, or x; = x;; for some 1 <i < m — 1, we consider an algorithm

to find minimizers of G.
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5.4.1 ht Algorithm for p-Variation

In Figures 5.22 and 5.24, we plot some level curves for simple examples of G with m = 2. In these
figures, dark blue represents the lowest values of G and crimson represents the highest values. We
see in these figures that G attains its minimizers along the hyperplanes where G is nonsmooth. This
suggests that a good algorithm for finding the minimizer of (5.76) is one that steps to a hyperplane
and in the hyperplane steps to another hyperplane always remaining on hyperplanes to which we

have stepped.

Figure 5.21: Level lines for the discretized p-variation, G(uy, uy) = |u1|” + [up — uy|° + |1 — u,|°.

In words Algorithm 5.6 starts with a point where VG exists and is nonzero. Otherwise, we take
a small step in a direction to get to a point where VG exists and is nonzero. From this point, we
step to the closest point where VG is undefined, in the direction of —VG. The points to which we

step are those where u; = u;1, u; = uj—1, X; = Xi41, Or X; = x4y for some 1 < i <i—1. Using
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Figure 5.22: Level lines for the discretized p-variation, G(u;, uy) = |u|[* + |uy — uy|[* + |1 — up|*
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Figure 5.23: Level lines for the discretized p-variation, G(u;, uy) = |uy|” + [y — uy |7 + |1 — up|”
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Figure 5.24: Level lines for the discretized p-variation, G(uy, uy) = |uy|” + |u; — uy|” + |1 — uy|
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Algorithm 5.6. (p-Variation)
Choose (xO,u®) = (X7, ..., x,u, ..., ul)) € R so that VG exists and
s nonzero.;
Set ng « 2m;
Set GO — G;
Set d©O VG(O)( X(O), u(O));
Set k « 0Oy
do
a; «— minfa : 7((x®, u®) + ad®) U T(xP, u®) + ad®) £ 0);
(x®HD 0Dy (B ) 4 g qdP
k—k+1;
ne — moy — [ Z(x®, u®)y U F (P, u®)|;
Reformulate G*=Y to get GP;
Set d® «— VGW;
until n, = 0

this information, we can reformulate the problem to a lower dimensional problem. With the new
problem, we start again. It should be noted that there is a chance that in stepping to a point where
G 1s nonsmooth, we may also reach a saddle point so that in the reformulated problem, VG = 0.
In this case, we do as above and move in any direction along the hyperplane in which we stepped
(u; = ujyq or x; = x;41). In the reformulation step, we consider a new function G whose domain
is now the intersection of the hyperplanes to which we have already stepped, but whose function
values are the same as those of G.

In this algorithm, we start away where G is smooth, so that the gradient of G exits. But, we still
step to the hyperplanes where G is nonsmooth, looking for solutions where in Y. Since we stay in
Y and we find descent at each iteration, we find min,cy G. Recall that |Y| < oo so this algorithm is

also finite.

5.5 Algorithms Summary

In this chapter we reformulated the functional

minf [Vul? + A f — ul dx (5.82)
Q
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into a discrete function. We recognize the structure of this function, more specifically that the
function is nonsmooth on hyperplanes of the form {u; = u;} and {u; = f;}, where u = (uy, ..., u,)
and f = (fi,..., f). We then use this structure to formulate what we call hyperplane traversal al-
gorithms to quickly, and in finitely many iterations, find minimizers for L!TV and local minimizers
for L' pT'V for all A > 0. The most remarkable thing about our L'T'V algorithm is that it solves the
minimization problem with the computational cost of only solving the A = 0 problem since it finds
all other A solutions along the way. In this chapter, we proved that our L'TV ht algorithms are
finite and converge to a minimizer. We also discuss the convergence and finiteness of our L!pTV
ht algorithm to a local minimizer. Finally, we introduce an ht algorithm to solve the p-variation
minimization problem.

We ran some time trials that seem to indicate that Algorithm 5.3 is of order o(aN + m), where
N is the signal length and M is the number of initial clusters. Our time tends to deviate from this

estimate for large N, but we suspect this is due to memory usage with in Matlab.
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CHAPTER SIX

DENOISING AND SCALE SIGNATURES FOR 1-DIMENSIONAL
SIGNALS

In this chapter we show the results of denoising 1-dimensional signals using both Algorithm 5.3
for L'TV and Algorithm 5.4 for L' pTV. We compare results from our Hyperplane Traversal (ht)
algorithms to the expected results discussed in [4, 24, 6] for denoising with L!'TV and in [8] for
denoising using L' pTV. Inspired by the results of [30] we use L!T'V signatures using Algorithm

5.3 to find scales in 1-dimensional signals.

6.1 Denoising

In the next two subsections, we will denoise synthetic signals using our ht algorithms to show that

our algorithms produce expected results based on the analysis of [4, 6, 24, 8].

6.1.1 L'TV Examples

We begin our denoising examples using our Algorithm 5.3 on several test signals.

Example 6.1. (Stationary Gaussian noise) First, we observe that Algorithm 5.3 removes stationary
Gaussian noise for large A (small scales). See Figure 6.1. We can see that the noise is removed,

but there is a change in signal intensity.

Example 6.2. (Simple denoising) Here, we consider a simple example of a noisy signal (See

Figure 6.2. Using LTV, we expect to lose small scales in the data first. In this example it looks
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Figure 6.1: Denoising, using Alg 5.3 for L' TV, a signal of stationary Gaussian noise. Blue: ground
truth.
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like the noise is of a scale close to 1 or 2 data points. We look at the L'TV minimizers given by

our algorithm for A, < 2. We choose A to be the values 2, §

2, %, and 1. For A = 2, scales of size 3 are

removed and we see that the noise is mostly gone, with some effects still present. For 4 = 7, we

1
e
see that scales of size 8 are removed and almost all effects of the noise are gone. We do lose small
scales if we set A to be too small as can be seen when A = %, we lose the small gap between the
two bumps. This gap has scale 10. We also see that intensities at the jump discontinuities are not
completely preserved as is expected with L'TV [6, 30]. We also see that for scale 5, the result is
rather close to recovering the original signal.

In Figure 6.3 we show the effects of denoising the same signal with more noise. We see similar
results are obtained even in this higher noise case. We see that we remove most noise as 4 ~\, 0
just before losing the small scale (size 10) feature. But, we see that the effects of noise in the flat
regions are still more visible, than the lower noise example, just before we lose this gap between
the two bumps. Also, at jump discontinuities there is even less preservation of signal intensity due.
It is more clear with higher noise that there is some intensity loss as well.

In these two examples, using Algorithm 5.3, we were able to recover the original signal in the

condition that we would expect using L!TV. In comparing to the known results for L!TV, we

observe the same loss of small scale objects in the signal by decreasing A.

Example 6.3. (Denoising a sinusoidal signal) In this example, we consider a sinusoidal signal with
additive Gaussian noise (see Figure 6.4). We use Algorithm 5.3 to denoise this signal using a free
boundary conditions (allowing the boundaries to move). As 4 ~\, 0 (scale,” c0) we observe that
the small scale (noise) is removed, but at the expense of losing signal intensity. We see also that as

the boundaries move, we lose some of the periodicity of the signal.

Example 6.4. (Denoising a sinusoidal signal with fixed boundaries) As in Example 6.3, we con-
sider a sinusoidal signal with additive Gaussian noise, but in this example we fix the boundaries.
Notice (see Figure 6.5) that with fixed boundaries, we see better preservation of the periodicity

even for larger scales. The effects of signal intensity is the same as in Example 6.3.
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Figure 6.2: Denoising, using Alg 5.3 for L'T'V, on a simple noisy signal. Blue: ground truth.
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Figure 6.3: Denoising, using Alg 5.3 for L'TV, on a simple noisy signal with higher noise. Blue:
ground truth.

142



data signal

=1.00

scale

=300

scale

10.00

scale

=50.00

scale

scale =100.00

0 200 400 gO0 o0 1000

Figure 6.4: Denoising, using Alg 5.3 for L'T'V, a signal composed of noise and a single sine. Blue:
ground truth.
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Figure 6.5: Denoising, using Alg 5.3 for L'T'V (with fixed boundaries), a signal composed of noise
and a single sine. Blue: ground truth.
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Example 6.5. (Denoising) Finally, we test Algorithm 5.3 on a sinusoidal signal with three fre-
quencies and with additive Gaussian noise (see Figure 6.6). In this example, we again see for large
A that most of the small scale noise is removed. We also see that as we decrease A, more of the
smaller scale (higher frequency sines) features are removed. And, as in Example 6.3, the height of

the signal drops as 4 ™\ 0.
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Figure 6.6: Denoising, using Alg 5.3 for L!TV, a signal composed of noise and the sum of sines.
Blue: ground truth.
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6.1.2 L'pTV Examples

In this subsection, we show our ht algorithm for L' pT'V denoising the same signals from Subsec-
tion 6.1.1. In these examples we call 2/4 scale. This does not imply that these values are scales in

our signal as they are not, in general.

Example 6.6. (Stationary Gaussian noise) First, consider a signal made of only noise. We observe
that, as expected, Algorithm 5.3 removes small scale stationary Gaussian noise for large 4 with

very little change in signal intensity. See Figure 6.7.

Example 6.7. (Simple denoising) Next, we consider the signal used in Example 6.2 having two
steps close together. We used Algorithm 5.4 to denoise this signal. Notice in Figure 6.8 that the
small scale noise is removed at scale= 5 and this happened before losing the gap between the
two steps. Here, we see that the signal is denoised without losing corners and signal intensity as
expected using L' pT'V [8].

As in Subsection 6.1.1, we added more noise to this simple signal. In Figure 6.9 we see that the
result when A = 2/5 (scale= 5) is a denoised signal that almost exactly matches the original. We
also see that for A much smaller (scale= 50) we begin to lose small scale features. As we expected,

using L' pT'V, we preserve the features of the signal better than with L!TV even with higher noise.

Example 6.8. (Denoising a sinusoidal signal) We continue with the signal given in Example 6.3
(see Figure 6.10). We use Algorithm 5.67 to denoise this signal. We see that as A decreases, the

signal becomes blocky, but the noise is reduced before 4 = 2/3.

Example 6.9. (Denoising a sinusoidal signal with fixed boundaries) As in Example 6.4, we de-
noise the noisy sinusoidal signal using fixed boundaries. We see, like we saw with L!TV that the

periodicity is preserved for more values of A.

Example 6.10. (Denoising a signal made of the sum sines) Here we denoise the noisy sine wave

from Example 6.5 (see Figure 6.12). We see that as A decreases, the noise is reduced quickly as we
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Figure 6.7: Denoising, using Alg 5.4 for L'pTV, a signal of stationary Gaussian noise. Blue:
ground truth.
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Figure 6.8: Denoising, using Alg 5.4 for L' pTV, on a simple noisy signal with higher noise. Blue:
ground truth.
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Figure 6.9: Denoising, using Alg 5.4 for L' pTV, on a simple noisy signal with higher noise. Blue:
ground truth.
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Figure 6.10: Denoising, using Alg 5.4 for L'pTV, a signal composed of noise and a single sine.
Blue: ground truth.
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Figure 6.11: Denoising, using Alg 5.4 for L' pTV (with fixed boundaries), a signal composed of
noise and a single sine. Blue: ground truth.
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saw with L' pT'V. We also see that as we let 1\, 0 smaller scale features are lost, but the height of

the signal is preserved longer.
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Figure 6.12: Denoising, using Alg 5.4 for L' pT'V, a signal composed of noise and the sum of sines.
Blue: ground truth.
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6.2 Scale Signatures

In [30], the authors use L!TV signatures to find scale information in images. We now look at
several examples using L! TV signatures to show that with Algorithm 5.3 we also find scale infor-
mation in 1-dimensional signals. With our algorithm, we have the added benefit of not needing to
choose at which A we want to use to create the signature because we have the minimizers for all

A > 0 so we can use them all.

Example 6.11. (Simple Scale information) First we consider a simple signal with four scales,
50,150,500, and 1000. We compute the variation, s,(4) and data fidelity, s/(1), terms for all
0 < A < 2. We find the discrete derivative (using simple forward differencing) of s, and s to get
scale signature plots. In the scale signature plots of Figure 6.13, we see peaks corresponding to the
scales in our simple signal. As L!TV finds scales, our algorithm will also find simple scales in a

I-dimensional signal.

Example 6.12. (Single Sine Wave) In this example, we consider another simple signal, this time
of a sine wave (see Figure 6.14) with a period of 50. Because the peaks gradually disappear and
are symmetric, the variation and the fidelity do not change on every other scale size. Taking this
into account, we see that there is really only one peak in the signature near 25 which is half the

period.

Example 6.13. (Random Signal) For this example we consider a general random signal. For ran-
dom signals, we expect to find only small scales (near 1) because there are no objects or structure
in the signal. That is, since every data point of the signal is not linked to another, we expect that
the only scale in the signal to be of size 1. In Figure 6.15, we see that the scale signature plots

indicate that this is the case.

Example 6.14. (Random Binary) In this example, we consider a random binary signal. Like the
random signal in Example 6.13, we expect the scale signatures for a random binary signal to

indicate only small scale features. Figure 6.16 shows this to be the case.
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Figure 6.13: Finding scales using Alg 5.3 for a signal with 4 scales (top). Signatures are discrete
derivatives of the variation (left) and fidelity (right) terms.
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Figure 6.14: Finding scales using Alg 5.3 for a sinusoidal signal with a period of 50. Signatures
are discrete derivatives of the variation (left) and fidelity (right) terms.
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Figure 6.15: Finding scales using Alg 5.3 for a random signal. Signatures are discrete derivatives
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Figure 6.16: Finding scales using Alg 5.3 for a random binary signal. Signatures are discrete
derivatives of the variation (left) and fidelity (right) terms.
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Example 6.15. (Noisy Sine Wave) In this example, we revisit the noisy sine wave of Example 6.3
(see Figure 6.17. Here we expect to see the small scales from the noise, but also something in the
signature to indicate the scale related to the period of the sine wave. In the signature corresponding
to the data fidelity term, we see a spike near 1 indicating the small scale noise. We also see
something indicating a scale near 40. In this case, the sine function we used is sin(%x). So we

expected to see an indication of a scale near 50.
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Figure 6.17: Finding scales using Alg 5.3 for a noisy sinusoidal signal. Signatures are discrete
derivatives of the variation (left) and fidelity (right) terms.
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6.3 Examples Summary

In this chapter we showed several examples that give the expected results for both L'TV and
L'pTV. We were able to denoise signals using our ht algorithms for LTV and L' pTV That is, for
L'TV, we see that we can eliminate small scale noise by decreasing A and finding minimizers. We
see that there is a loss of signal height as 4 N\, 0 as is discussed in [6, 24, 4]. We see that steps are
preserved when denoising using L' pT'V as expected from [8]. We also showed that our algorithm

for L'TV will give signatures that pick out the scales in 1-dimensional data as suggested in [30].
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CHAPTER SEVEN

Conclusion

In this work, we studied problems of the form
minfqu|P+/l|f—u| dx, forO<p<l1. (7.1)
Q

We considered the L'TV (p = 1), L'pTV (0 < p < 1), and p-variation (1 = 0and 0 < p < 1)
cases. Our goals were to find and understand minimizers for each of the cases.

We began by looking at the p-variation case. In this case, we showed that the set of minimizers
is the convex set of step functions whose jump set has finite area. We also showed that this set
is neither open nor closed. Because the functional fQ |[Vul|P for p < 1 is nonconvex we are not
guaranteed to find minimizers by finding solutions to the Euler-Lagrange equation. Still, we know
that stationary points for fQ |[Vu|P are stationary solutions to the corresponding Euler-Lagrange

equation, i.e. the p-Laplacian equation,

(7.2)

% —-1vu® , V
0=V- (|Vu|p_2Vu) — |Vu|p—l (V ) ( u ) p u 2 vu

+ u .
|Vl [Vu| |Vu| |Vul
and its parabolic counterpart. Because of the singularity when 0 < p < 1, there are difficulties
in finding weak and viscosity solutions when 0 < p < 1. We do not discuss viscosity solutions
when the domain has higher dimension than 1 because there still needs to be a discussion about
a maximum principle first. Because we are unable to get a bound, using an energy estimate, on

the derivatives, we do not consider weak solution techniques either. To avoid the singularity, we
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introduce and characterize the class of Normal Monotone functions whose domains are in R”,
where n > 2. We use the curvature interpretation of the right-hand side of Equation (7.2) to
find classical stationary solutions that are Normal Monotone. We found the following families of

classical stationary solutions.

o Affine family: For x € R", u(x) = a - x + b, where a € R", b € R are constants.

And in n dimensional spherical coordinates (r, 6, ...,0,-1)

e Radial family: u(r) = ar™ + b, where m = 'IZ%Z,

n—

Ll where 1 < j<n-2and0<6;<n
p

e Polar family: u(6;) = a fbe" csc™ 6 df, where m; =

and
e Azimuthal family: u(6,-,) = a6, + b where 0 < 6,_; < 7.

In each of the cases for (7.1) that we studied, we formulated a discretization, G, for the problem.
We noticed that this discrete function has a nice structure in that it is smooth in convex regions of
its domain and is nonsmooth on hyperplanes. Inspired by this structure, we introduced the finite
Hyperplane Traversal (ht) algorithms. We recognize that G has (local) minimizers in the set of
intersections of m — 1 of these hyperplanes. Exploiting this, the ht algorithms step to points on the
hyperplanes and then remain in these hyperplanes, thus reducing the dimension of the problem and
increasing the efficiency as the algorithm progresses.

For the L'TV problem, our ht algorithm finds a global minimizer for every A > 0 with the
same computational cost of solving the problem for A = 0 by picking up these minimizers at each
iteration along the way. Using time trials to estimate the computational cost, we estimate that our
algorithm is of order o(aN + M) for a signal of length N, having M initial clusters, and where
0 < a < 1. In the binary case, we show that the algorithm is of order o(N) + o(M) and in the worst
case is of order o(N). We also tested our algorithm on some test cases to show that the results match

up with those we expect for L!TV. That is, we see that we can use an L!TV signature to pick out
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scales from the data. In signal denoising, we see that for low noise and the right 1 (1 < 2/r), small
scales are preserved [30, 6, 1, 2, 3].

For L' pTV, we also introduce an efficient ht algorithm similar to the algorithm for L!TV. The
difference between this algorithm and the L'TV is that we are not guaranteed to find a global
minimizer. Instead, we find local minimizers. The algorithm finds a set of local minimizers for all
A > 0, again, with the same computational cost of only solving one problem, the 4 = O problem.
We used this algorithm on some test signals for denoising to verify that we see same results as in
[8].

Still there are many problems left to consider. In the case of algorithms, it would be nice to
extend the idea of ht algorithms to higher dimensions. We discussed in this work the reason the
current algorithms do not extend, but it seems that the structure of the function G should give
algorithms that are computationally fast. In studying the p-Laplacian evolution equation, we still
desire to find paths through the evolution from an initial function to a stationary solution. A more
in depth study of weak and viscosity solutions is also needed. One should be able to prove a
maximum principle or that it does not exist. There is also much to be explored using the notion of
cone monotonicity in finding minimizers of the p-variation problem and stationary solutions to the

p-Laplacian evolution equation.
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APPENDIX ONE

CALCULUS OF ORTHOGONAL COORDINATE SYSTEMS

A.1 Gradients

In this section we give general formulas for the gradient. Given any orthogonal coordinate system

(q'. 4% ...,q") in R" we compute basis vectors &;, &,, ..., &,. We begin with a position vector in R”

P = xi€ + ...+ X,€,. (Al)

To find &;, we find how the position changes as ¢’ changes, that is

op Zn Ox;
=x et
N aq’ J=1 ogi ™1
€ = W = 2 2" (A2)
i n X
% (Zj:l () )
Notice that if {€;,&,,...,@&,} is an orthonormal basis, we must have that &; - &; = O whenever i # j

and €; - & = 1. By constructions, we can see that |&;| = 1. In order for &; - & = 0, we require that

ka 6xk
=0. A3
Z 7 3 (A3)

Next we compute scale factors hy, h; . .. h, by recognizing that the distance between two points

is preserved no matter the coordinate system in which we are working. So, we consider an in-
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finitesimal distance ds between two points. Using the pythagorean theorem, we can write

ds* = dx; +dx; + ... +dx. (A.4)
Using the chain rule we write dx;, ..., dx, in terms of dg', ...,dq" as
ox; , | 0x 0x
d = —d +—d +...+ A.5
X1 aq! q o ad" (A.5)
0x, 0x, 0x,
d = —dq'+ —dg* A.6
X2 0q1 q + 6 ) q 8d" ( )
(A.7)
ox ox ox
dx, = —dq'+—dg*+... +-— A8
X g q e q o (A.8)
(A.9)

ds*

Puttlng these into the above equation gi\/es
g a X :
n |
d ! A. 10

[Z 8x1 i] [ gxf ,‘]2 .
i=1
axi 1 2 : 6)61' ’ 2 2 - 6)61' ? n\2
Z(a_qZ) (dd") +Z(a_qz) (d7) +"'+Z(aqn) (dq") (A.11)
=1 i=1

=

1 (dg') + 1 (d?) + ...+ hy (dg")? . (A.12)

Note: The mixed terms with dg'dq’ will cancel since the coefficient of dg'dq’ is >'}_, g’;" g;ﬁ which,
by the orthogonal condition (A.3), is zero.

We call the coefficients hy, hy, . . ., h, the scale factors because for a point to move an infinites-
imal distance in the ¢’ direction, the distance ds = h;dq' rather than dg’. This leads us to the
gradient in a general orthogonal coordinate system,

"1 of .
Vgp.gf = Z h_ja_;fef’ (A.13)
j=1
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where
" ox \ i
hj:[;(a—qj)] : (A.14)
We write V1,2 to indicate that the gradient is in the (ql, qz, ...,q") coordinate system.

For polar coordinates, we use the following change of variables from rectangular coordinates

compute the scale factors Ay, h;.

X = rcosf (A.15)
y = rsiné. (A.10)
dx = cos8dr — rsin@d6 (A.17)
dy = sinédr + rcos6do. (A.18)

Putting these into the above equation gives

ds*> = (cosOdr — rsin6d0)* + (sin0dr + r cos 6d6)* (A.19)
= (cos2 0 + sin’ 9) (dr)* + (=2rcos @sin 6 + 2r cos 6 sin 6) (A.20)

+1? (cos” 6 + sin” 6) (d6)’ (A.21)

= (dr)* + 17 (d6)*. (A.22)

This gives us the scale factors h; = 1, h, = r. Thus, the gradient in polar coordinates is

il

ar fr

V=] ° or V,f = . (A.23)
+fo

3

N =
gle
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For n-dimensional spherical coordinates (r, 6y, 6>, .. .,6,-1), we use the change of variables

X1 7 cos 6,
Xy rsin 8, cos 6,
X3 rsin 8 sin 6, cos 65
(A.24)
Xp_1 rsind...sin6,_, cosé,_;
X, rsind...sin6,_, sin6,_;
For ease of notation, let §; = sin 6; and C; = cos ;. With these, we compute 4y,...,h, as
o= (CP+SIC3+ 8383+ 487822 +87---52,82 ) = 1.
hy = (~rS3+rCC +rCIS3C 4 4 rCh - S2C 1 Ch8282)
= r (A.25)
hy = (-rSIS34rSIS3Cs + ...+ 87C3 - S2,C0, + 1835 -5 52 )
= rsiné;.
(A.26)

=
~
Il

(-rS3S3 - Siy + 783838381 ,Ch,

2 2 @2 2 2 2 2 2 2 2
oA ST S S S G ST S G 8,06

1/2 . .
+8283---87,C |- ~-Sﬁ_25ﬁ_1) =rsinf; ---sinG_s.
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We then get that V,4,4, 4, , f 1s given by

V6,0, =

A.2 Hessians

We now use that the Hessian of a function f in any orthogonal coordinate system (q',...

computed as the outer product of Vi .. and Vi,

D;qu.--q”(f) - (Vq‘q q)( q'q> qf [thaf ](thaf )

q" (hljc{)

hl g
_ (h2
hl@q‘ (hl )

Ir
1
7f91
1
rsin 6 f92

1
rsin @ sin 6, f93

1
rsin 6 sin 6, sin 63 f94

1
rsin@;---sinf,_» ﬁ)nfl

«f. That is,

iﬁ_qi
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,q") s

(A.28)

(A.29)

(A.30)



In polar coordinates, we get

o (1
=] £ | (A31)
%f@r r%f%

In n-dimensional spherical coordinates we get

D}y o ()=
(A.32)

’f ai(rl‘lfzsmé’k ) aﬁ(rnrﬂsmeka )

or?

.(A.33)

12 sin 02 (‘;{ ) (rH’ - sin Hk) a?;};z rII 2 sin 02 (rH” 2 sin 6, 2L 50 )

52 3 f
‘ f (rH" T sin 0}1—1) —(6;n_f1)2

n—
rIl 3 2 sin gka

A.3 Divergence
F,) in any orthogonal coordinate system (¢', ..., ") is given

In [5] the divergence of F = (F4,...,

by
1

Vql...q” . F = hl T hn an)) (A'34)

0 0
(;(hzh"Fl)-i_-i_a_qn(hlhn_

In polar coordinates, this is

Vr,e-F:i( )+ 2 (Fz)) (A35)

In n-dimensional spherical coordinates the divergence is

(% (r”‘l sin" 26, ...sind _2F1) +...+ i (r”‘2 sin" 3@, ...sin 9,,_3Fn)
Vina, 0 B = 7= IH" 2 i 19 (A4.36)
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A.4 Computing: V|Vyl|

1

N D*uVu, where D?u is the Hessian of the function u. Note

In this section, we show that V|Vu| =
that [Vu| is a scalar valued function. So to find its gradient we need to compute the first partials of

IVu.

iIVMI i( n (6_u)2)1/2

axi 0x; j=1 Ax;
-1/2
2 2
= lfyn (u n ou _u
bz (®)) 2 ()
= _1 sy Ou _u
- Vul 2j-1 (ax,- ax,ax,) (A.37)

Putting this together, we write the gradient of |Vu| as

Zn (a_u Bzu)
j:l 6xj8xj6x1

1
VIVu| = — : . (A.38)

[Vul
n ou _0u
ijl (a 0x;0xy )

Notice, when writing out the sums above, we can see that this is really the same as a scalar multiple

of the product of the Hessian and the gradient.

Ou Pu u_d%u ou _du
Oxy 6x% Oxy 0x20x) te Ox, 0x,0x)
1 1
V|Vul = — : = —D*uVu.
|Vu| |Vu|
o Pu o ow Pu L oudu
Ox1 0x10x, 0xp 0x20x, e 0xy Ax2

Using the above, we can compute V|Vulg, where the regularized gradient is given by

Vulg = IVul? + 82 (A.39)
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Again, we start with the partial derivatives of |Vug.

8 n u 2 1z
8_xilvu|ﬂ = 6% (Zj:l ((;97]) +ﬁ2)
-1/2

_ n ou 2 n O d*u

- %(ijl (5_/\61) +ﬁ2) ijl (26_)6, ﬁx_/ﬁx,-)

_ 1 n ou  Ou

- m Zj=] (6_x, Bx,-ax;) (A40)

So,
1
V|Vul; = —— D*uVu (A.41)
T Vulg
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